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CPU core while reducing implementation efforts.

Keywords: Numerical Methods; Calibration; Optimization; World3

* Design and Operation of Aerospace Vehicles Department, ISAE-SUPAERO

t Aerodynamics, Energetics, and Propulsion Department, ISAE-SUPAERO

f Center of Competence on Multidisciplinary Design Optimization, IRT Saint
Exupéry



1 Introduction

How far can the world’s population and economy keep growing
on a finite planet, and what would it cost to steer them onto a
safer path? The Limits to Growth [1] was the first study to pose this
question with a global computational model that couples human
activity to its environmental limits. This very question which is still
relevant half a century later and presently drives the development
of Integrated Assessment Models that inform international climate
and energy policy [2].

The model behind the study, World3 [3], uses mathematical
models and computer simulation to trace long-term trajectories of
economic and population growth, and their associated agricultural
production, resource consumption and pollution generation. Its
scenarios, revisited in later updates [4], explore eleven possible
futures set apart by different policy assumptions, most of which
end up in overshoot and sharp decline of human welfare within
the twenty-first century, unless population and economic growth
are stabilized, and empirical comparisons find that its Business-as-
Usual (BAU) path has tracked the observed record reasonably well
through 2020 [5, 6]. World3 is an example of a System Dynamics
model, a modeling style created at MIT in the 1950s by Jay Forrester
to study how feedback loops between the parts of a system shapes
the behaviour of the whole [7], the mathematical formulation
of such models, and the structure of World3, are introduced in
Section 2.

On one hand, in the scenario-building exercise the analyst sets
the policy levers, runs the simulation, and reads off the outcome,
meaning the choice of what to pursue is made by hand and most
of the policy space is never examined. Numerical optimization, on
the other hand, reverses this by formulating the policy problem as
the maximization or minimization of a functional objective, where
an optimizer searches the policy space for the solutions, meaning
solutions follows from the chosen objective rather than from the
policy levers. The approach is well established in Integrated As-
sessment Modeling, where DICE, among the first climate-economy
IAMs [8-10], maximizes discounted per-capita consumption and
derives its optimal carbon pricing policy directly from that single
objective, even though the choice of the objective function and the
treatment of inter-generational justice, remains contested [11-13].

Optimization applied to urban and social policy has drawn criti-
cism since the 1970s, on the grounds that these problem are wicked
[14], i.e., problems where stakeholders disagree about the very
nature of the issues, about possible solutions, and about the values
that should guide implementations [15, 16]. Sustainability sits only
partly within this difficulty as these as the issues are identifiable,
the population and economic growth that increase human welfare
are also responsible for increasing environmental footprint and
difficult future welfare generation, and can be quantified, using
simplified models such as World3. What remains contested is
the choice of objective that should guide policies: what should
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society optimize for? Multi-objective optimization does not settle

that question, but it makes the disagreement explicit by finding

the trade-off between diverging objectives [17]. This paper takes

human welfare and ecological footprint as two such objectives and

traces the trade-off between them, so that the cost of favoring one

over the other can be read from a curve rather than assumed.
The paper makes three contributions:

» The firstis a differentiable’ re-implementation of World3 which
is the property that lets efficient gradient-based optimizers
work. It is built on JAX [18], a numerical-computing library
that can differentiate an entire program automatically, and
on the GEMSEO framework [19], which organizes the data
exchange between the coupled sectors;

» The second is the calibration of all five sectors at once against
an open-access historical dataset, adjusting the model con-
stants so that its outputs match the observed record while
keeping the cross-sector feedbacks intact, which also reveals
which constants the data can and cannot pin down;

» The third, and the focus of the results, is the reformulation of
the model as a policy-optimization problem and the tracing
of the Pareto front* between human welfare and ecological
footprint as objectives.

The paper is organized as follows. Section 2 reviews the back-
ground in three parts: the structure of System Dynamics models
and of World3, the numerical optimization concepts used here, and
the computing techniques that make gradient-based optimization
of such models practical. Section 3 presents the calibration of the
model against historical data, together with its results. Section 4
presents the policy optimization and the trade-off between the two
objectives. Section 5 discusses what the residuals and the front
reveal about the model, and Section 6 draw on the conclusions that
can be drawn from the analysis.

2 Background

2.1 System Dynamics

A System Dynamics model is a system of coupled nonlinear
ordinary differential equations built from four elements: stocks,
flows, table functions, and delays [20].

A stock is a measurable quantity that accumulates or depletes
over time; stacking the model’s n stocks into one column vector
gives the state vector s € R", the quantity the differential equation
integrates. A flow adds to or drains a stock and is computed from
the current state, from constant parameters 0, and from exogenous
inputs; assembling the incoming and outgoing flows gives the
right-hand side fopg, and the Initial Value Problem is solved given
that the states at the initial time sg are known.

Beyond the stocks, a model exposes instantaneous outputs 'y,
algebraic functions of the current state alone, such as life expectancy
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or output per capita, that carry no memory and are recomputed at
each instant. Simulating the model produces the state trajectory, the
states at the discretized steps t () = to + k At. An explicit one-step
scheme advances the state through a time-stepping operator T,
and for simplicity the forward Euler method is used here.

Some relationships are not algebraic but table functions that
interpolate between tabulated points. The choice of interpolation
matters: linear interpolation between breakpoints is continuous
but not differentiable there, an obstacle for gradient-based methods
that Section 2.4 removes.

Delays introduce inertia. A first-order information delay obeys

= (x — d)/7, with x the input, d the delayed output, and 7 the
time constant. A delay of order N is a chain of N such equations,
each with time constant /N, whose last output dy is the delayed
signal. Figure 1 shows how a unit step propagates through delay
of orders one to three. The N stage variables are themselves states:
standard implementations recompute them from the outputs at
each step, but here they are appended to the global state vector
s and integrated alongside the physical stocks, so their temporal
evolution is tracked directly rather than reconstructed.

The behaviour of the whole model follows from its feedback
loops: a reinforcing loop, in which a larger stock raises its own
inflow, produces exponential growth, while a balancing loop, in
which a larger stock raises its own outflow, produces stabilization
or decay.
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Figure 1: Response of an informa-
tion delay of order N = 1,2,3to a
unit step, against time normalized
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Figure 2: Stock-flow diagram of pop-
ulation and capital growth with pro-
duction of one good in disequilib-
rium.



For example, Figure 2 shows the stock-flow diagram for a system
with population and capital growth, as well as the production of a
generic good in disequilibrium (when there is a mismatch between
supply and demand). Population growth has a reinforcing loop
that dominates over the balancing loop, leading to an exponential
growth. The similar can be said for capital accumulation, where
the behavior of capital investment dominates over depreciation.
The behavior of production capacity, however, is dominated by
two balancing loops, meaning its temporal evolution will depend
on the strength of population and capital growth (both increas-
ing capacity) relative to its balancing loops (stabilizing capacity
growth).

2.2 The World3 model

The World3 model uses similar elements to model the future
evolution of society, instead of one single good, the model account
for food and services as goods in disequilibrium, and resource as
a good in equilibrium. The model couples five sectors of society
[4], shown together in Figure 3.

Two reinforcing feedback loops are the at the core of the model,
ruling the population and capital growth, which are kept in check
by five balancing feedbacks, namely mortality, depreciation, land
erosion, pollution damage, and resource depletion. In most scenar-
ios the balancing feedbacks eventually dominate, producing the
overshoot-and-collapse trajectories, and which feedback activates
first depends on the capital allocation decisions [1]. In total the
model contains five sub-sectors:

» Population: the dynamics of demographics is computed
using birth and death rates, as well as maturation rates
between different population groups. The sector is divided
into four sub-populations according to age group (0 to 14
years, 15 to 44, 45 to 64 and more than 65 years), allowing
for group-specific birth and maturation rates, as well as
life expectancy, which falls due to scarce food, weak health
services, and pollution;

» Capital: sector for measuring the industrial and service
capital stocks of the society. Labour, industrial capital, and
resource usage are combined to generate industrial output
(US$ per year), which is then allocated into investments
into agriculture, services, industry, or consumption. An
increase in industrial output per capita will yield an increased
consumption of food, services, resources and consequently
higher pollution rates, while an increase in service output
per capita yields a decrease in the mortality;

» Agriculture: responsible to estimating food production from
investments and its consequences to the land (remaining
arable land, erosion, fertility deterioration and regeneration).
The cost for food production increases as available arable
land reduces, low values of food per capita will increase the
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mortality and the fraction of capital allocated to agriculture
(in order to feed the population according to its demands). It
is expressed in kg vegetable equivalent (1 kg of animal meat
corresponds to 7 kg vegetable equivalent);

» Resources: sector that computes stock, extraction rate and
extraction cost of non-renewable resources. Industrial out-
put is the main driver for resource use, as the remaining
stock diminishes extraction costs increase. Because there are
several different types of resources in reality, it uses a metric
normalized by the generalized resource usage rate in 1970;

» Pollution: sector for modeling persistent pollution stock,
and pollution assimilation using a half-life that increase as
the stock rises. The main activities that generate pollution
are industrial and agricultural productions, high pollution
yields increases in mortality, in land erosion and fertility
degradation. It also uses a metric normalized by the persistent
pollution in 1970.

2.3 Numerical optimization

Optimization searches in a space of variables for the values that
minimize an objective fop;. In its simplest case (unconstrained and
smooth), the problem can be reduced into a root-finding problem of
the gradient of the objective V fy5; = 0. For problems carrying only
bound constraints, the limited-memory quasi-Newton method
L-BFGS-B [21] is a standard choice, approximating the Hessian  [21]: Liu et al. (1989), On the limited
from past gradients to take well-scaled steps. memory BFGS method for large scale

In many practical problems, however, the decision variables % timization
may be subject to a set of constraints, and solving these requires

formulating a nonlinear programming (NLP) problem (Equation o fob )

6), where f; is the objective, g and h are equality and inequality subject to:
constraints, and the decision variables are bounded. At a con- gx)=0 ©)
strained optimum the objective gradient no longer vanishes due h(x) <0
to the presence of active constraints, and may satisfy some opti- Xlow < X < Xup
mality conditions, such as the Karush-Kuhn-Tucker (KKT) system
(Equation 7).
The Lagrangian &£ adjoins each constraint to the objective LA ) = fobj(X) + ATg(x) + uTh(x)

through a multiplier, with A free for the equalities and y > 0 for
the inequalities. Each multiplier measures how much the optimum
would improve if its constraint were relaxed, and gradient-based
solvers such as sequential quadratic programming and interior-
point methods work by driving the iterate toward a point that
satisfies this system.

When the objective and constraints are linear in x the problem is
a linear program, which is the form most Integrated Assessment
Models adopt because their equations are linear by construction.
Nonlinear constrained problems must use a different category of
algorithms such as gradient-free or gradient-based algorithms.

Gradient-free methods sample the objective at many points and
need no derivative information, so they apply to any model and
can explore the whole search space, but they offer no guarantee

Vfopj+VgA+Vhu=0

=0, wpih;=0
@)



that a solution is optimal and they scale poorly, because the number
of model runs needed to converge grows faster than the number
of variables [22].

Gradient-based methods instead follow the local slope of the
objective downhill and converge in far fewer iterations, but on
a non-convex landscape they settle on a point that is best only
within its local neighborhood, and they require the objective and
constraints to vary smoothly with the variables. There are several
approaches within these type of algorithms, sequential quadratic
programming, used here in its SLSQP form [23], which solves a
sequence of local quadratic approximations subject to linearized
constraints. Other approaches for nonlinear problems, such as
interior-point methods, first enforce constraints through a barrier
term then proceeds onto minimizing the objective.

Because a gradient-based search only returns the optimum of
the basin it starts in, a multi-start strategy can be used to probe a
non-convex landscape: several starting points are drawn, here by
an optimized Latin-hypercube design that spreads them through
the variable bounds.

The definitions presented so far suffise to formulate the cali-
bration as an inverse problem (Figure 4): the model constants 0
are unknown and are chosen by the optimizer, which evaluates
the trajectory of state and outputs y, and the objective function is
evaluated as the error between data y* and the simulated outputs
in the same periods y(t+).

Writing y(£ x); 0) for the simulated outputs at a given time period
tk) € t+ and y*(t(x)) for the data, calibration minimizes a weighted
least-squares error over the calibration window.

min fu(6) = 35 3% w; (yi(to; ) ~ v (te)’ ®
£

Minimizing fop; with a gradient-based method calls for its gradi-
ent with respect to every constant in 6, which is not straightforward
as their influence the residual is indirect: it enters the state integra-
tion at each step, and every state feeds the next, so its influence
on the accumulated error must be propagated along the whole
trajectory (Figure 5). Recovering that sensitivity means either dif-
ferentiating every model equation with respect to the states and
the constants, or estimating it numerically by finite differences or
automatic differentiation (Section 2.4).
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Figure 4: Calibration as an inverse
problem, shown as the data flow be-
tween components. The optimizer
(Opt) proposes constants 0; the sim-
ulator integrates the trajectory (Traj)
and returns the outputs y(t*) at the
data times; the objective (Obj) scores
them against the data y* and returns
fob; to the optimizer.

Figure 5: Computational graph of each elementary operation of solving an initial value problem using the forward Euler

method over three time-steps. The effect of the parameter set



2.3.1 Multi-objective optimization

When multiple objectives are considered instead of a single scalar
one, the goal of the optimization is not to find a single optimal
solution, but a set of optimal compromises between each mono-
objective optima.

Some optimization algorithms are made specifically to handle
multi-objective problems. Evolutionary algorithms, for instance,
are particularly easy to use in multi-objective settings due to the
fact that they are population-based and therefore are able to keep
a set of solutions instead of a single one [24, 25], but are subject to
the common pitfalls of heuristic gradiend-free optimization.

Another approach is to keep single-objective optimization al-
gorithms, and to employ them with methods (Figure 6) that can
extend to multi-objective problems, such as:

» Weighted sum: assign weights to each component and use
their weighted sum as the objective to maximize. This allows
for a linear trade-off between objectives and the Pareto front
may be explored by varying the weigths, but only the convex
portion of the Pareto front can be obtained [22, Chapter 9];

» Epsilon constraint: keep a single component as the objective,
while leaving all others as additional constraints. The Pareto
front is then explored by solving multiple sub-optimizations
with varying constraint values, but may lead to a non-uniform
spacing between the solutions in the objective space [26];

» Normal boundary intersection: addresses the uniform spac-
ing of the Pareto front, by constructing a plane in the objective
space containing each of the single component optima, and
then to perform sub-optimizations that maximize the normal
distance between the solution and the plane [27, 28].
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Figure 6: Three scalarization strategies for tracing the Pareto front of a bi-objective problem, with the same front shown in
each panel. Each method returns the two single-objective optima at the extremities together with N = 3 points between
them, seven in total. The front is convex except for one bulge in the middle. Weighted sum returns the minimizer of
wfi1 + (1 = w) fo for each weight, so it follows the convex hull and skips the non-convex bulge (shaded). e-constraint
minimizes f, subject to equally spaced upper bounds on fi, which gives unevenly spaced points. Normal boundary
intersection places equally spaced points on the line joining the optima and solves, along the normal at each one, for the
boundary point (numbered), tracing the front evenly. All point coordinates are computed inside the figure from the front

function. Adapted from [22].



2.3.2 Optimal control

When the optimization problem is embedded in a continuous
dynamical system, such as when choosing time-dependent policies
or calibrating a simulation model, the problem is considered
an optimal control problem. Given a system with initial state,
the goal is to find the control trajectory u(t) that minimizes a
cost functional with end-point and a path-dependent terms. A
notational convention is used throughout: u(t), with the time
argument set in bold, denotes the whole control trajectory over
[to, t r] that the optimizer chooses, whereas u(t) denotes its value
at a single instant f; the same applies to the state s(f) along an
integrated trajectory.

t

) f
min o a(0) = 9ls(e ) + [ €s(0),u(e), )

to
where:
$(t) = fope(t, s(t), u(t), 0)
s(to) = so )
subject to:
g(s,u) =0
h(s,u) <0

ulow S u S uup

Two families of methods solve this problem, and they differ
in the order in which they optimize decisions and discretize the
trajectory over time-steps.

Indirect methods operate under the philosophy of "optimize then
discretize". They apply the Calculus of Variations and Pontryagin’s
Minimum Principle [29] to derive first-order necessary conditions
analytically, without evaluating the objective directly. The dynamics
$ = fopg are adjoined to the cost as an equality constraint holding
at every instant, exactly the role the constraints g play in the
Lagrangian of Equation 7.

Direct methods instead discretize the trajectory first and directly
solve the resulting finite-dimensional NLP to a general-purpose
optimizer ("discretize then optimize") [30]. They have gained in
popularity due to their flexibility, and these methods may differ
in how much of the trajectory is promoted to decision variables
(Figure 9):

» single shooting parameterizes only the control and recovers
the state by one forward integration from s, so the optimizer
sees the control alone;

» multiple shooting splits the horizon into segments integrated
independently, adding the inter-segment states as variables
and defect constraints that stitch the segments together, which
improves conditioning and parallelization;

» direct collocation promotes every state and control node to a

Am
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Figure 7: Indirect single shooting.
The solver iterates on the initial
costates A(fp); the coupled state-
costate system is integrated (Traj)
against the dynamics (Dyn), and
the terminal costate A(ff) must sat-
isfy the transversality condition. The
boundary data split between the two
ends make this a two-point bound-
ary value problem.
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Figure 8: Direct single shooting. The
optimizer (Opt) sets the whole con-
trol trajectory u(tc) at the control
points; the trajectory is integrated
forward (Traj) through the dynam-
ics (Dyn) and the discounted cost
fobj is returned. Compare the indi-
rect scheme of Figure 7.
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variable and enforces the dynamics by algebraic constraints
atinterior collocation points, with no explicit time integration

[31, 32]. [31]: Hargraves et al. (1987), Direct
trajectory optimization using nonlinear
Policy optimization, the second application introduced above, is  programming and collocation

an example of an optimal control problem and this work uses  [32) Be”ls (201(1)), I; ractical methods
single shooting as a proof of concept: the World3 ODE is integrated for optimal control and estimation using

. . . . nonlinear programming
forward for each candidate policy, which keeps the formulation
simple and reuses the existing simulator, at the cost of long sen-
sitivity chains that automatic differentiation (Section 2.4) is well
suited to handle.
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Figure 9: Three transcription strategies for an optimal-control problem, shown from the optimizer’s point of view. The top
row shows the control discretization u(t), the middle row shows the state s(). Moving from left to right the optimization
problem grows in dimension but becomes more sparse, better conditioned, and parallelisable. The N2 diagrams below
each method show the interaction between the Optimizer (Opt), Trajectory time-integration (Traj), and Objective function
(Obj). Adapted from [32].

Time-dependent controls u(f) are parameterized by a set of
values at control points and interpolated to every step. The state is min J (W)= >3 6k E(sr))
obtained with forward integration through the time-stepping oper- k=0
ator T. The state recursion is evaluated inside the objective rather
than handed to the optimizer, which produces long differentiation s(k+1) = T (s, Bltery, Sk wery), Af)
chain that Section 2.4 addresses. 10)

where:



2.4 Numerical techniques

In order to exploit the scalability of gradient-based solvers, objective
and constraints must be at least once continuously differentiable
(Ch, so that V fobj and the constraint gradients give a reliable
search direction. Furthermore, these gradients must be available
with respect to every input, the 55 constants for calibration or the
full set of control points for the policy problem.

A gradient estimated numerically by finite differences (Equa-
tion 11) perturbs each input in turn, so a full gradient costs about
n + 1 model evaluations for n inputs. When each evaluation inte-
grates the model over a century, this becomes the dominant cost of
the optimization; deriving the derivatives analytically would re-
move the runtime cost but is manpower-intensive and error-prone
for a model with hundreds of coupled relationships [33].

Differentiable programming resolves this by treating the whole
simulation as a composition of elementary operations and assem-
bles exact derivatives by automatic differentiation (AD), at a cost of
roughly one extra model pass and with no derivative code written
by hand. This approach is now standard in machine learning for
calibrating models against data [34]. AD has two modes. Reverse
mode propagates derivatives backward from the output and suits
a single scalar against many inputs, as in the calibration loss and
the policy objective, at the cost of storing intermediate values;
forward mode propagates them alongside the computation and be-
comes preferable only when a formulation has many time-resolved
constraints.

Exact gradients still require the model itself to be differentiable,
which the standard formulation is not. Many World3 relationships
are table functions read by linear interpolation, continuous but
with "jumps" it its slope near interpolation points (Figure 10). The
re-implementation therefore replaces the piecewise-linear tables
with smooth splines and the hard clips with smooth saturation, so
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Figure 10: A World3 table func-
tion, the consumption-allocation
fraction fipacy against the output ra-
tio iopc/iopcd, read by linear in-
terpolation: continuous, but with a
kink at every breakpoint where the
derivative jumps.



the model becomes differentiable throughout.

The delays are folded into the global state vector and advanced
with the physical stocks. A single coupled solve at the initial time
sets the delay states, and every later step is then a feed-forward
update (Figure 5) carried by the forward Euler scheme, with no
per-step solver.

Two further techniques from high-performance computing keep
the repeated evaluations fast. Just-in-time (JIT) compilation turns
the simulation into optimized machine code on first execution,
amortizing a one-time cost over the many runs an optimizer
requires, while vectorization evaluates the same operation across
many points at once. Both are provided by JAX [18], coupled to the
model through the GEMSEO optimization framework [19] by the
GEMSEO-JAX plug-in [35].

3 Calibration

A historical dataset covering all five World3 sectors was assembled
from open-access sources as part of a supervised student project.
The sources are: UN Population Division [36] and UN World
Urbanization Prospects [37] for population; World Bank API [38]
for capital; FAOSTAT [39] for agriculture; Our World in Data [40]
for resources; and EDGAR v6 [41], the Global Carbon Budget [42],
and NOAA Mauna Loa records [43] for pollution. Table 1 lists the
variables compared against history and their source.

The pollution dataset carries a known mismatch: World3’s pol-
lution sector represents persistent toxic chemicals, not greenhouse
gases, and lacks multi-pool atmospheric dynamics as needed for
simulating climate pollutants [44].

Calibration instantiates the inverse problem of Equation 8, with
one mean-squared-error term per fitted variable over the 1960-
2020 period, although some data are only available for a reduced
temporal window (such as for the Capital and Pollution sectors).
By default the weight w; counts every variable equally, so the pop-
ulation sector, which supplies 14 of the 22 series, carries the most of
the residual in the objective. Section 5 considers down-weighting
the series that only loosely match their model counterpart.

Variables that share units with the data (population, life ex-
pectancy, and arable land) are compared directly. Capital (as indus-
trial output per capita) and pollution (as the persistent-pollution
index) are recorded in different units, so each model and data
series is normalized to its year-2000 value. The resource sector is
the single exception, for which a different calibration method was
employed: proved reserves grew over the period while the model’s
lone stock can only deplete, so its initial stock of reserves is fixed
from the last entry of the proved-reserve data.

The 54 constants in 6 are estimated by the multi-start search
of Section 2.3: fifteen Latin-hypercube starts, each iterated until
finding the best parameter fit with L-BFGS-B [21], with the lowest-
residual solution retained. For comparison, the same objective is
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also minimized from a single start at the World3 Business-As-Usual
(BAU) scenario constants (Table 2). The gradient Vg fop; is obtained
with one reverse-mode AD pass through the full simulation.

Table 1: The model variables compared against historical data in each World3 sector, with the open-access sources
from which that data was assembled. Population, capital, agriculture, and pollution contribute 22 fitted variables to the
calibration objective; the resource sector is shown for context but excluded, its initial stock being fixed from proved-reserve
data instead (see text).

Sector Model variables compared (count) Historical data source

Population  total population, life expectancy, the UN World Population
four age cohorts (0-14, 15-44, 45-64, Prospects [36]
65+) and their death rates, crude birth
rate, crude death rate, total fertility, an-
nual births (14)

Capital industrial capital, service capital, indus- World Bank [38]
trial output per capita, labour force (4)

Agriculture arable land, potential arable land, land FAOSTAT [39]
fertility (3)

Pollution persistent-pollution index (1) EDGAR [41], Global Car-
bon Budget [42], NOAA
Mauna Loa [43]

Resources nonrenewable resource fraction (ex- Our World in Data [40]
cluded)
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Figure 11: Calibration: Population sector. Calibrated (green dashed) versus BAU (blue solid) and historical data (red dots).
Data: UN WPP [36].



3.1 Results

Figures 11-15 compare the calibrated scenario with

the standard BAU scenario for each sector.

Capital Sector - World3 BAU vs Calibrated vs Calibration Data
(both series normalized to 1997 = 1; calib: 2015 USD, model: 1968 USD)
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Figure 12: Calibration: Capital sector. Data: World Bank [38].
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Figure 13: Calibration: Agriculture sector. Data: FAOSTAT [39].



Pollution Sector - World3 BAU vs Calibrated vs Calibration Data
(model: ppolx = ppol/ppol70; rates normalized to 1970 = 1)
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Figure 14: Calibration: Pollution sector. Data: EDGAR [41], Global Carbon Budget [42], NOAA [43].

Resource Sector - World3 BAU vs Calibrated vs Calibration Data
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Figure 15: Calibration: Resource sector. Data: Our World in Data [40].

The population sector is the most fully constrained, contributing fourteen of the twenty-two
series across the age structure (Figure 11): the four age cohorts, their cohort death rates, the crude
birth and death rates, total fertility, and annual births are fitted separately rather than in aggregate.
The calibrated model reproduces the demographic transition of the period, the death rate falling
first and the birth rate following with a lag, total population and life expectancy are each matched
to within about five to six percent.

The capital sector still carries residuals between simulated outputs and data (Figure 12). Industrial
capital, service capital, and the labour force grow broadly in step with the record once normalized,
but industrial output per capita rises more slower than the GDP-per-worker series after the 2000s.
With a fixed capital-output ratio and no endogenous productivity growth, the model cannot
reproduce the late acceleration of output, which can be identified as a missing mechanism in the



model.

Agriculture is matched to a similar margin (Figure 13). But the model is still unable to reproduce
the plateau in arable land as incomes develop and demand for food rises.

Pollution is the sector that follows historical data the least (Figure 14). The single-stock represen-
tation can be tuned to the observed rise in concentration of CO,, but the lacking representation of
carbon-cycle dynamics and variability in assimilation rates of the carbon sinks.

The resource sector is shown for context but kept out of the objective (Figure 15), as the initial
reserve stock is fixed from data instead of handled by the optimizer. The model reproduces the
historical rise in resource use driven by industrial output, yet its single depletable stock can only
decline, whereas measured proved reserves grew over the period as discovery outpaced extraction.

The single BAU start already reaches a close fit, with objective 0.826, and the multi-start search
improves it marginally, to 0.803: the nominal World3 constants sit in a good basin, but the multi-start
confirms the presence of multiple local optima (Table 2).

4 Policy optimization

Once the model is calibrated, it can be reformulated as an optimal control problem for the 2000-2100
period. In the World3 scenarios there are three variables that control the capital allocation among
sectors: the fraction of industrial output allocated to agriculture ( fioaa), to consumption ( fioac), and to
services ( fioas)- In the standard model these variables are directly computed, where assumptions are
made on how these high-level decisions are made depending on the current state of the system. Here,
however, they are disconnected from that structure and handed to the optimizer as time-dependent
decision variables, and they satisfy fioaa + ficac + fioas < 1 at every step.

This problem is solved using the single-shooting NLP of Equation 10, instantiated on the calibrated
model. Each control is a piecewise-linear trajectory of 11 decadal points over 2000-2100, the first
of which is considered to be fixed at the BAU starting value. This results in a 30-variable decision
vector, which are then smoothed by a first-order delay (7 = 25 years) before entering the World3
ODE. The 55 calibrated constants are held fixed, the state is integrated forward from the calibrated
year-2000 state, and the running cost is discounted at annual rate p = 0.02, which decreases the net
present value of gains/losses that occur in the far future, this effect is discussed in Section 5. Two
running costs are considered:

» Human Welfare Index: a per-capita welfare index that combines: a life-expectancy term, an
education term (assumed to be a direct function of industrial output per capita), and an
income term. Each term saturates at high values so that none can be traded without limit
against the others, also, as this is a per-capita index, it is weighted by population before being
discounted and summed;

» Ecological Footprint: aggregates the land footprint that human activity requires: arable land,
urban-industrial land, and the land that would be needed to absorb persistent pollution, all
expressed relative to the available biocapacity. Its cumulative discounted value is minimized,
which favours policies that keep land conversion and pollution low.

The two single-objective problems are minimized with SLSQP [23], which respects the allocation
constraint at every control point. Each is solved both from the BAU scenario as a starting point and
with the fifteen-point multi-start search, in order test if the objectives have multiple local minima.
Yet, as shown in Table 2, the single-start and multi-start result in the same single-objective optimum
found, so the single-start strategy from BAU start is kept for the multi-objective exploration. The
Pareto front is then traced with the modified Normal Boundary Intersection (mNBI) method [28]
spread over 18 total sub-optimizations with SLSQP: the two anchors together with 16 evenly spaced
interior sub-problems, spread uniformly along the front.



4.1 Results

Figure 16 shows the Pareto Front obtained. Discounted welfare varies by about a factor of 1.7 and
discounted footprint by about a fifth. The front is mostly convex: starting from the welfare-optimal
policy (point 1), the first reductions in footprint cost relatively little welfare, whereas reaching the
footprint-optimal policy (point 18) costs about two-fifths of the discounted welfare. The practical
consequence is that the policies of interest lie between the anchors: a representative intermediate
policy achieves about half of the total footprint reduction while keeping more than nine-tenths of
the welfare.

The calibrated business-as-usual policy, plotted in the same objective space, lies above the front
and is dominated by it: at the welfare level of the baseline the optimized policies reach a markedly
lower footprint, simiarly at the same footprint level as BAU the Pareto policies achieve much higher
welfare.

The eight output panels trace how the allocation choices propagate through the model outputs
(Figure 17). Industrial output per capita diverges after about 2030, separating the welfare-oriented
policies, which sustain higher output, life expectancy, and welfare across the century, from the
footprint-oriented ones, which hold the persistent-pollution index and the footprint low but shrink
the economy. Food per capita follows output with a lag, through the capital allocated to agriculture,
so the policies that diminish industry activity also decrease food production, which, in turn,
lowers life-expectancy and the population trajectory. The pollution peak is both lower and earlier
under the footprint-oriented policies, so policy acts on the amplitude of the overshoot and not
only on its timing. The nonrenewable resource fraction declines in every policy, fastest under the
welfare-oriented ones that sustain the highest output and slowest under the footprint-optimal
one, though no policy halts the decline as most of the model structure remains unaffected by the
reformulation.

The allocation trajectories behind optimized policies reveal a consistent under-investment in
industry relative to BAU, this is present in high-welfare and is even stronger in low-footprint points
(Figure 18). Moving along the front from the welfare-optimal policy to the footprint-optimal one,
the share of industrial output reinvested in industry falls, from about half to almost nothing, and is
redirected mainly into consumption, which is used up rather than reinvested in new productive
capital. Slowing industrial investment slows capital growth, and with it the pollution and land
conversion that drive the footprint, at the cost of lower output and welfare. The right-hand panels
express the same allocations in absolute terms, confirming that these relative differences also impact
the absolute output flow directed to each sector.

Table 2 summarizes the wall-clock times for both the BAU single start and the fifteen-start multi-
start. A single-start of any task takes well under a minute, and the full BAU workflow, calibration
followed by both single-objective optimizations and the Pareto exploration, completes in about four
minutes on a single CPU core. The multi-start verification is heavier, the fifteen-start calibration
alone taking about eight minutes, but as it returns the same optima for policy optimization, they
were not kept for the Pareto front exploration. In the calibration case this is not the case, as the
multi-start improves the calibration objective, indicating that this problem may have multiple local
minima. For comparison, sector-by-sector calibration experiments using the original pyworld3
with finite-difference gradients required over one hour for the population sector alone. The JAX
re-implementation achieves speedups of two to three orders of magnitude for both simulation and
linearization.



Pareto front: Human Welfare Index vs Ecological Footprint
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Figure 16: Pareto front between discounted Human Welfare Index (horizontal, higher is better) and discounted Ecological
Footprint (vertical, lower is better), each summed over 2000-2100. The light curve shows all 192 Pareto-efficient policies
returned by mNBI in its intermediate steps, and the dark markers number eighteen sub-optimization optima: from
the welfare-optimal policy (point 1) to the footprint-optimal policy (point 18). The black star marks the calibrated
business-as-usual baseline, which is dominated by all points in the Pareto front.

Table 2: Computational performance, comparing the BAU single start with the fifteen-start MultiStart for the three
single-objective tasks. All runs on a single Intel Core i7-10850H at 2.70 GHz, each in its own process so the JIT compilation
overhead (x 12s) is included in every wall time. Iterations are unique points in the GEMSEO database (the mNBI total
spans all sub-problems). The Pareto front is traced single-start only, since mNBI admits no MultiStart sub-optimizer (see
text). The calibration objective column gives BAU / MultiStart; the single-objective values are identical to the digits shown.

BAU start MultiStart
Task Algorithm Variables Iters Wall (s) ‘ Iters Wall (s) ‘ Final objective
Calibration L-BFGS-B 54 602 54.6 11891  502.6 0.826 /0.803
Max. HWI SLSQP 30 38 29.0 9413 167.7 2265
Min. EF SLSQP 30 9 28.2 1723 61.4 3646

Pareto (mNBI) NLOPT_SLSQP 30 1736 159.5 — —
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Figure 17: Annual trajectories over 2000-2100 for the calibrated baseline and four representative Pareto policies (points
2, 7,12, and 17, spanning the welfare-optimal toward the footprint-optimal end). The eight panels show food per
capita, industrial output per capita, persistent pollution index, total population, life expectancy, nonrenewable resource
fraction remaining, Ecological Footprint, and Human Welfare Index. Welfare-optimal policies sustain higher output, life
expectancy, and welfare, while footprint-optimal policies hold pollution and footprint low but shrink the economy. The
resource fraction declines in every policy, fastest for the welfare-oriented ones.
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Figure 18: Industrial-output allocation over 2000-2100 for four representative Pareto policies (points 2,7, 12, and 17). Each
row is one policy. The left panel gives the allocation as a fraction of industrial output among agriculture, consumption,
services, and reinvestment in industry, and the right panel gives the same allocation in absolute terms (1012 USD/yr)
together with total industrial output. From the welfare-leaning policy (point 2) to the footprint-leaning one (point 17), the
share reinvested in industry falls and the consumption share rises.



5 Discussion

The approach presented for calibration and optimization of policy-relevant models starts with the
assumption that the problem is sufficiently understood and that the mathematical model is valid to
simulate the system’s response to a wide set of different directions. Yet, the formulation of such
models as well as ensuring that policy-makers have sufficient trust on them are not addressed
here. The World3 model considered, while relevant for demonstrating numerical capabilities, is not
detailed enough to provide insights to drive practical environmental policies due to: oversimplified
aggregations (regions, resources, pollution types, produced goods), lack of technological detail
concerning energy production, and lack of accounting for the specificities of climate pollutants
(with lifetimes dependant on concentration, temperature, and sinks).

The calibration application demonstrated is shown to be capable of tuning model parameters
to well fit historical behavior, and can serve as a diagnostic for the model, where the largest
residuals can point to modeling limitations or inconsistencies between the model outputs and the
data proxies used to calibrate them. The largest residual is in the capital sector, where industrial
output per capita grows more slowly than the historical record, consistent with the absence of
endogenous productivity growth. The pollution trend can be tuned to the historical rise, but the
single-stock representation still cannot reproduce multi-pool carbon-cycle dynamics, a known
structural limitation of the model. In contrast, population, life expectancy, and the arable land
plateau are all well reproduced, indicating adequate model detail and data proxies.

The fact that the entire model is calibrated simultaneously also exposes structures invisible to
sector-by-sector approaches: pollution-driven mortality multiplier is unidentifiable from 1970-2020
data because pollution remains below its activation threshold, the link between capital allocation to
agriculture and food-per-capita mortality is visible only when Capital and Population parameters
are estimated jointly. Yet the approach could be further improved:

» DPollution sector: instead of fitting a single persistent-pollution stock to a CO,-derived proxy,
one could either supply a proxy closer to the model’s intent, an index of persistent toxic
chemicals rather than greenhouse gases. Another improvement would be to replace the sector
with a small climate emulator that resolves atmospheric pools and radiative forcing, such as
FAIR [44], at the cost of departing from World3’s original structure;

» Resource sector: as the single-stock issue present in the pollution sector, a wide number
of other nonrenewable resource proxies could be used for the calibration, such as metal
consumption and stocks, as well as a modification of the model to account for recycling based
on the in-use metal stock. Another approach is to consider energy flow as the main resource
input to the economy, which would need to account for both renewable and nonrenewable
technologies;

» Calibration weights: the current approach is to give an equal weight for every variable for
which data is available, even though some sectors have far more calibration data (the case of
the population sector) and some variables are known to not match the data proxy used for it
(pollution and resource sectors). Revising these weights downwards could let better-matched
sectors to drive the fit while still using the weaker data;

» Table functions: while the calibration step focuses on the constant parameters of the model,
another approach would be to also include the tabulated points used for interpolation.
Currently, this would significantly increase the number of variables to be calibrated (as there
are 53 table functions in World3) and can risk overfitting the model, as this would further
modify the original structure of the model and there are relatively few variables with verified
data for the calibration.

Regarding policy optimization, results depend on modeling choices that deserve scrutiny. Both
objectives discount the future at a 2 % discount rate, which is considered to be at the lower end of
the range used for climate-economy discounting [9, 11, 13], but which is judged to be appropriate



due to the century-long prospection period [12]. Even if this factor is considered to be low, outcomes
at 50 years away are at about 36 % of an equivalent one today, lower rates would tilt the whole
front toward long-term sustainability and welfare, so the position of the trade-off curve is itself a
normative choice.

The control parameterization adds a second assumption: decadal control points smoothed by a
25-year delay impose gradual change and rule out abrupt switches. This mirrors the inertia of real
socioeconomic systems but also prevents fast-switching strategies, and the sensitivity of the front to
the lag and the number of control points remains unexplored.

The chosen methods are deliberate but not unique. The multi-start versus single-start comparison
(Table 2) shows the BAU World3 scenario is already a strong initial guess: multi-start confirms
the optima and improves the calibration only marginally. The single-shooting transcription is the
simplest of several options, other approaches such as multiple shooting or direct collocation were
not experimented with, but could improve conditioning over the century-long horizon.

6 Conclusion

The goal of the current work is to demonstrate numerical optimization methods applied to the
World3 model.

At first, the relevant litterature background highligths that the scalability of gradient-based
methods to high-dimensional problems, such as most System Dynamics models are, due to the
amount of parameters and variables these models have, but also due to the time-dependent nature
of such problems. Using these methods on such problems is not straightfoward due to poor
differentiability and gradient propagation, which are overcome by tailored numerical techniques,
such as: replacing piecewise-linear tables with splines, folding delays into the state vector, and
re-implementing World3 in frameworks with automatic differentiation (AD).

On the full five-sector model this makes the simultaneous calibration of 54 observables, optimal
control, and Pareto front exploration feasible within minutes on a single CPU core, against more
than an hour for a single sector calibration with gradient-free optimizers. The numerical recipe
is general: AD removes the need to write derivatives by hand, just-in-time compilation amortizes
the cost of repeated evaluation, and gradient-based solvers avoid increasing number of iterations
as decision space increases, which together turn the poor scaling of standard System Dynamics
optimization into a tractable problem.

The tools used here originate in the machine learning ecosystem, where they calibrate flexible
function approximators against data. In that setting the model carries minimal domain knowledge:
a neural network can fit almost any mapping, but its residuals show where the fit is poor, not why.
System Dynamics models sit at the opposite end. Their structure embeds causal hypotheses through
the model structure (feedback loops, stocks, flows, and delays) and calibration fits parameters within
that structure, which makes the residuals interpretable. A persistent pollution residual localizes to
a missing atmospheric pathway. An unidentifiable mortality multiplier reveals an inactive feedback
loop. Resource depletion that no policy can halt points to the absence of substitution in the resource
sector.

That same structure is also a source of bias. The functional forms and aggregation levels chosen
by the modeler limit the behaviors the model can produce, which is a source of error, since World3
cannot represent technological substitution or greenhouse gas dynamics, but also a source of
knowledge, since overshoot-and-collapse follows from the feedback structure rather than from
parameter tuning. Used in this way, methods built for data-driven calibration serve a model-based
purpose, delivering both computational efficiency and structural diagnosis, and the welfare-footprint
trade-off they make explicit is one that scenario analysis leaves implicit.
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