Table of Contents

Go Back

ADAPTATION AND OPTIMAL CONTROL OF FIRM
AND ITS STATE AND PARAMETERS ESTIMATION

AT CHANGE OF A MARKET SITUATION
Shiryaev V.l., Shiryaev E.V., Golovin |.Ya., Smolin V.V.
South-Ura State University, Department of Applied Mathematics.
454080, Russia, Chelyabinsk, pr.Lenina, 78.
+7 (3512) 39-91-74.

VisS@)prima.susu.ac.ru.

Abstract. The dynamic model of one-commodity firm is described. For this model
the problem of firm adaptation to change of a market situation is formulated and solved.
Firm adaptation is realized by change of its parameters that are found as solution of the
optimization problem subject to appropriate funds on it. The problem of optimal control
by firm in conditions of a varied market situation is formulated and solved. The
criterion of firm functioning efficiency representing quadratic sum of the particular
criteriais constructed. For the formulated quadratic criterion optimal control as a
feedback is received. As firm functioning occurs in uncertainty conditions estimation of
afirm state and parameters is described according to information system of firm.
Depending on information assumptions of uncertain factorsit is offered to apply
agorithms to processing the information the Kalman filtrations, the guaranteed and
minimax-stochastic approach.

Key words. Model of firm, adaptation, optima control, estimation of state and
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Introduction. The modern firm represents complex cybernetic system with many
relations. Efficient functioning of such system depends on many factors. In particular,
before a firm management there is a problem of operative reaction to change of a
market situation. The decision of this problem is promoted by competent control of the
firm activity. Therefore it is necessary to use mathematica methods for the help in
correct decisons making on efficient firm control. The economy is not technical object,
and, nevertheless, existing in engineering approach to construction of efficient control
may be fruitful in economy.

In the present paper the mathematicad model (fig. 1) of one-commodity firm
including flows of orders, materials, labor, and also financial flows is constructed. For
this model the problem of firm adaptation to change of a market situation is formulated
and solved. Firm adaptation is realized by change of its parameters that are found as
solution of the optimization problem subject to appropriate funds on it. To determine
optimum control of firm, the integrated quadratic criterion of firm functioning
efficiency, reflecting its total losses in a transition period caused by change of a market
Situation is formulated. Optimum control of firm as the law with a feedback, delivering
to integrated quadratic criterion of functioning efficiency the minima value at change of
a market gSituation is received. In the present article change of a market situation is
meant as change of demand for production, the prices for materials, time of payment for
production, time of ddiveries of materials and dismissal of workers at own will. Asfirm
functioning occurs in uncertainty conditions estimation of a firm state and parameters is
described according to information system of firm (FIS). Depending on information
assumptions of uncertain factors it is offered to apply agorithms to processing the
information the Kaman filtrations, the guaranteed and minimax-stochastic approach.



Fig. 1. Functional scheme of firm
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The constructed mathematicdl model of firm is base: it may be changed at
integration in CALS-technology, and also for redization of other researches (for
example, on its basis the multicommodity model of the firm may be constructed).

1. Dynamic economic-mathematical mode of firm. Manufacture and marketing
firm are present in firm model (fig. 1). On fig. 1 materia and information flows, the
disturbances describing changes of a market situation and control actions that should
provide optimal control of firm are designated. In marketing firm from buyers the flow
of customers orders acts. In turn, the marketing firm gives out aflow of orders for
manufacture. In manufacture the part of the details, ordered marketing firm, is delivered
at the expense of manufacture stocks, other part is produced specially under marketing
firm orders. Therefore production volume includes release of details for satisfaction of
the acted orders and for renewa manufacture stocks.

From manufacture in marketing firm the flow of finished commodity acts. These
goods with some delay act on a marketing firm warehouse from which deliveries to
buyers are carried out.

It is supposed that in modeled firm manufacture demands the big expenses of work
and, hence, rates of manufacture are substantially specified by number of workers. In
marketing firm number of workers is considered constant. The equations describing
supply by materias are included in mode aso.

The constructed firm model is described by system of the difference equations

X = A(P) X, +F(x, wy, p) +B(p)u, +G(p) w, , (1)

u, =F (X, w,,p), k=0,...,N-1, 2)
where X, Uk, Wi are vectors of a state, control and disturbance; p is avector of firm
parameters; A(p), B(p), A(p) are constant matrixes; F(xx, Wk, p), O(Xk, Wk, p) are
nonlinear vector functions. The vector wy describes change of a market situation. As
coordinates of a vector wi the following market factors act: w; is demand for

production; wi, isthe price for materias;, w istime of payment for production; w; is
time of deliveries of materials for manufacture; w;, is disturbance in the channe! of

dismissa of workers (dismissal of workers at own will thus was modeled). Below
Separate coordinates of all vectors we shall denote by the upper index, T is the model
digitization period, and function OUTy+1 = del3(INk, D) is adesignation of system of the
difference equations (Forrester, 1978):

Lw =L +T (IN - L/(D/3)) L =15 +T (L - 3)/(D/3),

LS., =L5+T (L3/(D/3)- ouT,),  OUT,, =L3/(D/3), k=0, ..,N-1,
where INy is rate of an entering flow; OUTy israte of leaving flow; L. , L2, L3 are
auxiliary variables; D is value of delay.

1.1. Ordering on manufacture. The following equation determines number of the
orders in ordering on manufacture X; . To this number again acted orders are added and
those orders are subtracted, the decision on which satisfaction is already accepted

0 =
Xy =X T X0 - 262, 3
e P g
where x° israte of acted orders (units per one week); p* istime of ordering on

manufacture (week). Deducted in the equation (3) represents rate of ordering on




manufacture. Thisrate is determined by the first-order lag from the general number of
ordersin ordering Xy, .
Deliveries a the expense of manufacture stocks x; by marketing firm orders that
are made already out, but yet are not executed, are determined by the following equation
Tyl & o _ X_ig
Xien = X Tguk p° b’ (4)
where u; israte of the orders which are carried out at the expense of manufacture

stocks (units per one week); p0 istime of goods shipment from manufacture stocks
(week).
Manufacture stocks x: is determined by the following equation
®, X0
Xi+l=Xi+TgXﬁ - p_gB (5)
where x; israte of output for renewal of manufacture stocks (unit per one week).

Deducted in the equations (4) and (5) represents rate of goods shipment from
manufacture stocks. This rate is determined by the first-order lag from the genera

number of orders for shipment from manufacture stocks x; .
Averagerate of x; is determined by the following equation

1 ,
g s ©
where x? is average rate of goods shipment from manufacture stocks (unit per one
week); p* is averaging time of goods shipment from manufacture stocks (week).

Value of an average level of marketing firm orders x; may be received similarly

(6)

.
ﬁﬂ:ﬁ+gghf-ﬁ), 7

3 3
Xk+l _Xk +

where p'® is averaging time of marketing firm orders for manufacture (weeks).

1.2. Manufacture. Activity of manufacture is present by two flows (fig. 1): aflow of
production for renewal a stock of manufacture and a flow of production going directly
on satisfaction of marketing firm orders. In real manufacture these two flows are
mutually bound, however in model they will be considered separately to reved the
necessary variables describing each of these flows. The following equation is
determined with a portfolio of the orders not begun by manufacture on renewal of a

stock of manufacture x;
x5, =x° +T(uﬁ— (p8x1k6— u}()) (8)
where u, is production direct under marketing firm orders (unit per one week); x.° is

number of workers on manufacture (persons); p® is labor productivity (units for one
man-week). Deducted in the equation (8) represents rate of reduction of the orders not
begun by manufacture on renewal of a manufacture stocks. Thisrate is determined as a

difference of two rates: manufactures of al production p®x;° and productions direct
under marketing firm orders u; .




The similar equation may be written down for orders x; carried out with the
purpose of direct satisfaction marketing firm orders

Xﬁ+1:Xﬁ +T%' Ug+ U+ . ©)

Deducted in the equation (9) represents rate of increase of the marketing firm orders not

begun by manufacture. This rate is determined as a difference between rate of ordering
0

X .
on manufacture = and rate of the orders that are carried out at the expense of
p

manufacture stocks uj .
Process of manufacture is divided into two stages. At the first stage the firm
management allocates workers on manufacture (through uy, ). The second stage begins

after period of production p?. The equations describing the second production phase
look like

X =X T (P - U x7) 0 xR =0e3(p0 - Uy, p°) (10
where x; are orders for renewal of manufacture stocks in awork in process (unit).

Execution of marketing firm ordersis smilarly determined

Xpa =X+ T(U-x0) %%, =dei3(ul, p?), (1)
where x; are marketing firm ordersin awork in process (unit); x;° israte of goods

shipment under marketing firm orders (unit per one week).
1.3. Materials stocks. Materials stocks x;" are determined by rate of their supply

x;> and consumption on manufacture p°x;’

Xty =X (- ) | (12)
Delivery of materiasis described by the following equations of akind
xlkil:xf+T(uf<’ - xlks), xlkil:deIB(uﬁ,Wi) , (13)

where u; israte of materials purchase (equivalent units per one week); w? istime of

delivery of materias for manufacture (weeks).
1.4. Labor. Providing with labor as well as regulations of its number render
significant influence on manufacture. The following equation determines the workers

that are starting to work x,> and taking place training x;*
X =X xE), X, =da3(ut pt), (1)
where u? is rate of hiring workers (person per one week); p* istime of training of

workers on manufacture (week). In the equation (14) time constant p* is not only time of
training of workers, but aso that time when they to the full are not yet capable to take
part in production.

Number of active workers x;° is determined by the following equation

X2, =x° +T(xlk5 - u- W;‘) , (15)
where u? is rate of dismissal workers (person per one week); w; is rate of dismissal
workers at own will (the person per one week).



The flow of alabor with the finished term of hiring is determined by the following
equations similar (14)

xlkll:x”+T(uﬁ +w; - xf‘) : xlkil:dd3(uﬁ+wﬁ,p5) (16)
where x;’ are dismissing workers (person); x;° are the workers who have finished
industrial work (the person per one week); p° is time of registration of dismissal workers
(weeks). The equations (16) determine number of workers that finish the work on
manufacture x;’ and rate of aleaving of workers x;°. Delay in dismissal of workers p°
in this caseis equa to the period during which the wages still should be charged, but
workers do not participate any more in production. It may be connected to the following
circumstances:. the stayed period of hiring should be paid or it is the time of the lowered
productivity caused by reduction of intensity of work.

The general changes in number of workers x> may be determined by the following
equation

Xy =+ T (4w (17)
This variable may be considered as a parameter of the achieved degree of stability.

1.5. Period of ddliveries. All entering marketing firm orders are late in divisons
where they are checked and alocated on groups of orders satisfied either at the expense
of manufacture stocks or at the expense of direct manufacture. After that orders satisfied
at the expense of manufacture stocks undergo constant delay p° while orders satisfied
manufacture undergo the variable delay dependent on volume of marketing firm orders
not begun by manufacture x . In addition to average delay all orders undergo delay p*
determined delay during which they are alocated between manufacture and
manufacture stocks
puy p° +5 p U (jae 2 X Xk 0

Xk uk ﬂ

where x° isvariable delay of performance of orders for manufacture (week).

Xi+1 p t—5 ! (18)

1.0
Vaue % in the equation (18) represents a part from the general number of
k
marketing firm orders that are satisfied at the expense of manufacture stocks and value

6
X isvarisble delay in a portfolio of outstanding orders. The general variable delay of

U

production under marketing firm orders is determined as the sum of time constant p?
and variable delay in a portfolio of outstanding orders.

The equation (18) determines period of deliveries existing at present x°. The
marketing firm not necessarily has it because it is transferred with the certain delay. The
following equation averages aflow of the information on delay of deliveries

X2, = x2 +%(x§° - x2), (19

where x2* is variable period of deliveries under the received messages (week); p*’
time of regulation of aflow of the information on deliveries (week). Time constant p*’



determines rate with which period of deliveries according to information received x2*

comes nearer to really existing period of deliveries x2°.

1.6. Flows of money resources. Monetary flowsin moddl are used for an
assessment of works of firm. The following equation determines alevel of accounts for

payment xZ?

22 Py
x X~ 0
2 _ 22 1,13 K
Xisr = X +TQWka T 6 T (20)
e

P g
where w;, isthe price of unit of materials (monetary units); p° is accounts payment time
(week). In the equation (20) rate of payments for materialsis determined as the certain
part of number of accounts for payment x2.

The money resources received for the goods are present in the other kind. Accounts
for finished goods undergo the third-order lag before they will be transformed to a flow
of money resources acting on manufacture

&, 00 30 @ @t 0 0
23 10 10 3 24 _ 24 10 10 23
X = deIBQp Q_g+xk = Wi+, Xiesr = X +T§p Q_g"'xk = X+, (21)
e eP g o & ép g g

where x2 israte of receipt money resources for finished goods (monetary units per one

week); x2* are accounts to reception on manufacture (monetary units); w? istime of
payment by the buyer of accounts (week); p™° is the price of afinished good (monetary
units).

')I'otal sum of the dividends x2° paid to shareholders to the certain moment will
make

Xioa =X +TXE (22)
where x2° israte of payment of dividends to shareholders (monetary units per one
week).

The equation for acash x* looks like
&, xZ o)
26 _ \,26 23 k 11 14 16 17 12 27,27 29
X = X T TeX, 'F'p (Xk X, +Xk)'p “PX - X+ (23)
é o

where xZ israte of reception of the profit before payment of the tax (monetary units

per one week); p* is average week wages (monetary units); p*? is the fixed costs

(monetary units per one week); p*’ is the tax to profit. In the equation (23) to money

resources x:° the flow of entering resources are added x2* also five proceeding
22

, X
monetary flows are subtracted: accounts for payment in manufacture —;-, expenses on
p

27,27
X

wages, constant cash charges plz, tax deductions p~x;" and payment of dividends to

shareholders x2°.

In model rate of reception of the profit before payment of thetax x” playsarole of

aimportant parameter. It may influence decisions accepted by a firm management. Rate
of reception of the profit before payment of the tax is determined with the help of the
equation



11 o 1 . 8 . 10 &
& p't Bax 0 & X2 +x2°8
27 _ R0 1 ko 109 20 @ 1 a7 X FX
X =¢P - Wy - oo ¥ X - P - PrgX X+ X - ——5——= . (24)
e P 2P 2 e P g

The first composed in the equation (24) determines total rate of manufacture of
finished goods. Thisrate is multiplied on the price of a product minus its cost price.
This value might determine the full income if the labor was used with peak efficiency.
The following expression in brackets represents charges on wages minus the wages
which have been taken into account in the cost price of a product.

Net profit x2 will be determined in view of the rate of the tax to profit p*
Xy =x¢ +T(1- p7)x7 (25)
Rate of payment of dividends to shareholders x2° is determined proceeding from

rate of reception of the profit xZ’ . The appropriate equation looks like

R L )

where p*® istime of regulation of dividends (week).
1.7. Interaction between manufacture and marketing firm. Interaction between
manufacture and marketing firm is carried out by means of three flows: in manufacture

the flow of marketing firm orders x;° acts already undergone post delay p**; the
marketing firm, in turn, receives from manufacture the information on period of

l Py
deliveries xZ* and aflow of finished goods ge(—g +x° 2. Number of outstandi ng
eP 2

marketing firm orders x:° is determined by the following equation
1 =

X%, = X% + T§<¢° - XP- %g . (27)

1.8. Modd of marketing firm. The description of marketing firm we shall start with
the equations for number of customers’ outstanding orders x** and stocks of production
x¥ in amarketing warehouse. Vaue of outstanding orders x?* is determined by the
following equation

Xy =X+ T (wy - ug) (28)
where u; israte of goods delivery to buyers (units per one week); w, is demand for

production (units per one week).
For maintenance of performance of customers ordersin a marketing firm there

should be a stock. The following equation describes alevel of marketing stocks x
Xga = X2+ T (x - up), (29)

where x°' are the deliveries received by marketing firm (units per one week).

In connection with that demand for production w{ will change from one day to

another it is necessary for averaging to obtain data on which it would be possible to
found plans concerning volume of stocks x? and orders x;*. For this purpose the

equation of averaging of the first-order is used



.
x®, = x® +g(w‘k’ - x2), (30)

where x* are the average orders to marketing firm (units per one week); p?is
averaging time of orders to marketing firm (week).

In connection with that stocks decrease during trade it is necessary to fill up them.
The equation for rate of purchases by marketing firm x* looks like

X =Wl (P25 ) (- (p+p) )+
P (31)
+((p23 +p2 +p® +Xi1)xi3 _ Xi4 _ Xis ) Xiﬁ _ Xio)) ,
where x* are ordersin marketing firm at ordering (unit); x* are the orders given by
marketing firm for the purchases which are contained in a communication channel
(unit); x3° are the goods in away to marketing firm (unit); p*® is minimal time of
performance of the order marketing firm (week); p?° is average time of performance of
orders by the marketing firm connected to absence in a warehouse of some goods
(week); p* istime of regulation of stocks (week); p*® istime of ordering in marketing
firm (week); p?* is post delay (weeks); p” istime of transportation of the goods from
manufacture in marketing firm (weeks); p® is the factor describing a desirable stock in
marketing firm (week).
Time constant p* reflects rate with what the marketing firm on the average reacts
to occurrence of deficiency of production in stocks and firm channels. It isimpossible to
assume that the marketing firm will react immediately in full force to any theoretically
possible difference between desirable and actual stocks.

If the level of adesirable stock in marketing firm will be higher or below actual x

that rate of purchases x:° will be accordingly corrected (a difference in the first
brackets of the equation (31)). The concept desirable a stock that can be considered as a
planned stock rate is very important. Interrelation between change of stocks x:2 and an

average orders x*° is one of several most important sources of industrial activity

fluctuations. Irrespective of firm stability the standard practice consists in creation or
reduction of stocks according to increase or reduction of average rate of orders. It
enables to measure stocks the certain number of days, during which it is possible to
carry out sale at the expense of stocks. Thus interrelation between average customers

orders x3° and the genera stock x accepts direct proportional relationship. The

parameter p*® represents number of weeks during which average rate of sale may be
provided at the expense of a desirable stock in marketing firm.

Number of outstanding customers’ orders x:" is entered into the equation (31) in

connection with aspiration to receive confidence that the equations will stay fair and
under extreme conditions of firm activity. If goods delivery from manufacture is absent

and volume of outstanding customers’ orders x:* is so great that induces them to
abstain from the further purchases demand for production wy becomes equal to zero.
Under such circumstances the actual stock rate x> will be deducted up to zero. The

second member isanormal level of the orders not executed by retail (p19 +p” ) X2



Normal deay in marketing firm consists of two: one represents the average minimal
time necessary for ordering p™ another p?° is caused by absence of stocks of some
goods.

The difference in the third brackets of the equation (31) is similar to the members
describing stocks. The average total number of orders and the goods that should be in
movement on different firm channels grows out multiplication of average rate of orders
x* on the general period necessary for fulfillment by the order full circulation on firm

channels. Three making these periods connected to ordering p, with delivery of the
order by mail p** and with transportation of the goods p® are constants. Period at

performance of orders by manufacture x> isvariable. The real orders transmitted on

the channel are determined in this case as the sum of four levels of orders and the goods
that have been usual in four firm channels.

Below we shdl consider three separate periods in marketing firm: in
accommodeation of orders on manufacture, in transfer of orders by mail from marketing
firm in manufacture and delivery of the goods in the opposite direction. Two equations
determining the third-order lag at acceptance of decisions on purchase and
accommodation of marketing firm orders in manufacture look like

¥, =x+T(x®-x®),  x%, =del3(x¥, p?), (32)
where x* are the orders given by marketing firm for purchase of the goods in
manufacture (units per one week).

The exit of the delay connected to ordering serves as an entrance for post delay.

Post operations aso are determined by the third-order lag
XE =XET(xP- X)X =de3(x,p™) (33
To finish the description of marketing firm it is necessary to show transportation of

the goods from manufacture. For this purpose we shall write down two equations
describing delay at this transportation

1 . 1 "
X (0) X (0]

36 — 36 k 10 37 37 _— k 10 425 34

Xk+l_Xk +TQ_O+Xk - Xk =, Xk+l_dd39 0 +Xkap - ( )
eP (4] eP

where x7' israte of delivery of production from manufacture in marketing firm (units
per one week).

2. Influence of demand variation on firm behavior. The main external factor
influencing firm is demand for its production w; which changes were considered as
entrance influence. For studying properties of the constructed model jump of demand
for 20% was used in comparison with an initia level w] (fig. 2). The behavior variable
model looks like fading fluctuations which transition period makes 5 years.

3. Adaptation of firm to change of demand for its production. Improvement of
technical and economic characteristics of firm may be made by afinding of optimal
values of its parameters p that gives extensive opportunities of application of
optimization methods for adaptation to demand for production variation. For this
purpose we shal consider the value of missed benefit Ly (Bagv 2001) showing asfar as
precisely the firm fulfils change of demand for its production wy, . It characterizes firm
lost profit caused by a backlog demand and also additional expenses for storage of

production.
Expression for value of the missed benefit looks like



Lk+1=Lk+T|WE' u;‘|, k=0, ..., N-1, (35)

where Ly is value of the missed benefit; w; is demand for production; uj israte of
ddivery of production to buyers.
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Fig. 2. Reaction of firm on 20% jump of demand for its production
1 — orders in ordering on manufacture; 2 — manufacture stocks; 3 — number of
workers; 4 — rate of reception of the profit; 5 — demand for production
Rate of delivery of production to buyers u; depends on firm parameters p and also

from demand w{ . At change of demand generally these sizes do not coincide that is

connected to the delays caused by dynamic processes both in firm asawhole and in its
Separate divisions. In result there is an accumulation of the missed benefit. For its
reduction it is necessary to achieve smdler transient on period in firm at change of
demand for production. Thus the value of the missed benefit depends on demand and
firm parameters and precisely knowing values of some firm parameters and having an
opportunity to change them it is possible to reduce value of the missed benefit. Thus any
change of firm parameters is connected to expenses and there is a number of restrictions
on change of firm parameters.

Let's formulate optimization problem. On trgjectories of firm model (1), (2) itis

necessary
f(p) Omin (36)
at restrictions on parameters
pEPEpP,, i=0,..,s-1, QcE,-pP)ER,
i=1

where f is criterion function; p' are firm parameters; R are means for change of

parameters; ¢ are expenses for change of parameters; p}, p!, pl, are the minimal, initial
and maximal values of firm parameters (p; £ p, £ p,); sis number of changeable firm
parameters. As criterion function f it is possible to consider value of the missed benefit



(35). Therefore at its substitution on aplacef in (36) it is received optimization
problem. As aresult of its solution optimal values of firm parametersin sense of
criterion (35) also will be found. We shall emphasize that search of the optimal solution
ismade in view of limits of means R selected on firm adaptation.

Optimization was made by a method of Franc-Wolf that was used only for finding
local extremes. For search globa extremes theinitial point in this method got out from
alowable set at random for each of which the algorithm repested again. After severa
pass the point appropriate minimal from found values of function (35) got out. The
solution of a problem (36) gives value of firm parameters providing its optimum
performance at change of a market situation in sense of given criterion.

Let's compare behavior of firm at not optimal and optimal parameters (fig. 2 and 3).
For this purpose we shall consider reaction of firm with optimal parameters on 20%
increase of demand for production in comparison with initial value w) =1000 units per

one week. Optimal firm parameters p' are received as a result of the solution of a
optimization problem (36) for criterion of the missed benefit (35) at means for change
of parameters R=20 of units. From fig. 3 follows that after optimization the maximal
deviations from the established values and duration of atransition period have
considerably decreased.
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Fig. 3. Reaction of firm with optimal parameters
on 20% jump of demand for its production

1 — orders in ordering on manufacture; 2 — manufacture stocks; 3 — number of
workers; 4 — rate of reception of the profit; 5 — demand for production

Onfig. 4 and in tab. 1 results of modeling are given at 20% change of demand in
two cases: 1) restriction on means R=20 of units (the price of change of parameters:
¢®>=10 units; ¢ =1 unit, i * 2); 2) restrictions on means are not present (is really spent
45.2 units). Period of modeling is 200 weeks. Initial values of firm parameters py get

out equal to their top borders p,, (they get out as not optimal). Value of missed benefit
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Ly in the first case has made 173.45 units, in the second — 170.47 units (for comparison:

the value of missed benefit Ly at firm with not

optimal parameters makes 863.5 units.).
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Fig. 4. Relationship between missed benefit and actual value of demand for production
at optimal parameters and 20% jump of demand
1 — appropriate funds R = 20 units; 2 — appropriate funds is not restricted

Table1
Optimal firm parameters at change of demand for 20 %
Optimal Optimal
value value
Name of parameter Range | (restriction (restriction
onmeansis | oOnmeansis
20 units) not present)
p° Delay of goods shipment on manufacture 05..1 0.5 0.5
p" Delay in ordering on manufacture 05..1 0.5 0.5
p” Period of production 4.6 6 4
p° Dday in anorma portfolio of orders on 5 4 4 4
manufacture "
p* Time of training of workers 1.3 1 1
piz Averaging time of orders on manufacture | 7... 15 12.2 7
p~ Minimal time of performance of
customers orders marketing firm 0.6..1 0.6 0.6




p™ Average delay of performance of orders

by the marketing firm connected to absencein  |0.1..0.4 0.1 0.1
awarehouse of some goods
p”™ Time of ordering in marketing firm 04.3 0.4 0.4
P2 T " -
p Del_ay in communicetion channel of 02 05 0.2 0.2
marketing firm
75 : ;
p=> Delay of transportation of the goodsin 04 1 04 04

marketing firm

Firm parameters p' share on 3 groups (tab. 1): the parameters accepting the top
values p, ; the parameters accepting the bottom values p ; the parameters accepting
intermediate values (their occurrence it is connected to insufficiency of means R for
change of firm parameters). Aspiration to the bottom border p; is observed at all

parameters except for parameter p° (delay in anormal portfolio of orders on
manufacture). Really, at the increase of demand the firm has no sufficient number of
workers for performance of orders on manufacture at small delay p® that attracts longer
transient in firm in comparison with the big value p®. On fig. 4 it is easy to see that
attraction of additional means for change of firm parameters allows to reduce vaue of
missed benefit Ly however it is necessary to pay attention that such investments should
not exceed economic benefit of firm functioning optimization.

4. Optimal control of firm at change of a market stuation. To formulate and
solve a control problem the equations (2) were removed from model. Except for it the
nonlinear equations were linearized. In result the mathematical model of firm (1), (2)
corresponds as system of the linear difference equations

X, =AX, +Bu, +Aw, , k=0,.,N-1 (37)
where Xy, Uk, Wk are vectors of a state, control and disturbances accordingly; A, B, A are
known constant matrixes. The vector wi describes the current market situation. For firm
model (37) itsinitial condition X, and a sequence of vectors w, k=0, ..., N—1 are given
aso.

4.1. Quadratic criterion of firm functioning efficiency. During firm functioning
severa purposes are smultaneously put. Some of these purposes under the tendency of
their realization may be inconsistent. In the present paper for model of firm (37) the
quadratic criterion of functioning efficiency that reflects total losses of firmin a
transition period caused by change of a market Situation is formulated. The constructed
criterion has the following kind

XSk + 8 (XQK, +UIRU, ) | (38)

where Q, S are symmetric nonnegative defined matrixes; R is the symmetric positive
defined matrix; N is number of digitization intervals.

The criterion firm functioning efficiency (38) is divided on three parts: deviation of
the profit from some desirable value (the half—received profit); production costs; losses
of marketing firm. To each component in criterion of efficiency (38) there corresponds
the weighting factor 1 ', i = 0,1, 2. The concrete set of weighting factors reflects
structure of preferences of the persons accepting administrative decisions. Division of
criterion of efficiency into separate parts reflects discrepancy of the purposes of heads
of separate structural divisions of firm and also determines the basic strategy of afirm
survival in the market. Production costs reflect the purposes of its head. For him it is




more important to reconstruct manufacture under the current market situation having
avoided thus of the big fluctuations in number of the workers on manufacture, a
portfolio of outstanding orders etc. Losses of marketing firm reflect the purposes of its
head. For him it is more important to reconstruct marketing firm under the current
market situation having avoided thus of the big fluctuations of outstanding orders.

Toresult al partsin criteria (38) in one scale the cost estimation of everyoneis
used. Thus elements of matrixes R, Q and S serve as factors of trandation in monetary
units of those units in which the appropriate variable are measured. For achievement of
the purposes of firm the criterion (38) should be minimized. Below we shall consider
Separate composed criterion (38).

The natural order to the profit is maximization of itsfinal value. It can be achieved
if to include in criterion (38) following composed

1o(x- MY
where xﬁ,g isfina profit (monetary units); M is big number (monetary units); | %is
weighting factor of the half—received profit. It is possible to take for example the target
profit increased on number grester of unit

The situation in manufacture should correspond to a situation in marketing firm.
The manufacture head has a parameter that is the entrance characteristic for

manufacture. It is orders that are showed by marketing firm to manufacture ( x‘k‘O). The

following expression determines a deviation of orders in ordering on manufacture x(k)
from anormal level

| ‘a B x‘“’(?z
& v
where p' istime of ordering on manufacture (week); | * is weighting factor of
production costs, a = (pl"T)Z; p™ is the price of unit products (monetary units). The
normal level of orders during ordering on manufacture is determined only by marketing
firm orders x,° and parameter p.

Orders for shipment from manufacture stocks x, also are adjusted by means of
expresson

.2
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where p’ is time of goods shipment from manufacture stocks (week); p™ is a normal
part of the general number of orders which is satisfied at the expense of manufacture
stocks.

The following expressions adjust volume of portfolios of outstanding marketing

firm orders x; and x{

5 2 > o) 6 o]
llagak - x® | Jlag k. x©+
G 1313 k =~ 3(1- pt k -
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where p® is delay in anormal portfolio of orders (week).



Similar expressions may be written down for regulation of levels of ordersin a
work in progress x; and x; and the appropriate rates of manufacture x? and x;°
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where p? is period of production (weeks).
Stocks of materialsin manufacture x;- are adjusted by means of expression
ll ..2
| 'a ge(—‘; - x‘k“’g ,
ep [%)
where p° is factor of a desirable stock of materialsin manufacture (week).

Regulation of number of workersin manufacture x;° is carried out by means of the

expression determining a deviation of number of workers on manufacture from a normal
level

| 'a (ps‘xi6 - xﬁ")2 ,
where p? is labor productivity (units for one man-week).

The situation in marketing firm should correspond to a market situation. The head
of marketing firm has a parameter that is the entrance characteristic for marketing firm.

It is demand for production (W(k) ). Then adeviation of number of outstanding
customers’ orders xil from anormal level it is determined by expresson

a1 2
1222 X o0
gp19+p20 k=~ 1

where p*° is minimal time of performance of the order marketing firm (week); p® is
average delay of performance of orders by the marketing firm, connected to absence in
awarehouse of some goods (week); | ? isweighting factor of losses of marketing firm.

Similar expressions may be written down for regulation of levels of ordersin
various channels of marketing firm

% 2 5 2 3%
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where xi“ are ordersin marketing firm in ordering (unit); xi‘r’ are the orders given by
marketing firm for the purchases which are taking place in an communication channel
(unit); xis are the goods in away to marketing firm (unit); p* is time of ordering in
marketing firm (week); p* is post delay (weeks); p? istime of transportation of the
goods in marketing firm (weeks).

Similar expression may be written down for reception of orders of manufacture x;°

| “a (x‘k‘0 - Wg)z.

In criterion (38) matrix R should be nonsingular. Hence al coordinates of control
vector ux should enter in criterion (and without weighting factor). Deviations of rate of
orders uﬁ carried out at the expense of manufacture stocks and production ulk by
marketing firm orders from anormal level ook like
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The following expressions represent deviations of rates of hiring uﬁ and dismissals

of workers u? in manufacture from a zero level

a(ui)2 : a(uﬁ)z.

Following composed the criterion includes a deviation of delivery of production to
buyers u;; from demand (the missed benefit)

a (u;‘ - Wy )2 :
By last composed the criterion includes a deviation of rate of purchases of materias

uﬁ from the orders showed by marketing firm to manufacture

a (uﬁ - x‘k‘")2 .

4.2. Statement and the solution of a problem of optimal control. The problem of
optimal control of firm at change of a market situation can be formulated as follows.
Thereis alinear system of the difference equations (37) describing behavior of firm.
Theinitia firm state X, and a sequence of vectors wy, k=0, ..., N-1 are given. The
quadratic criterion of firm functioning efficiency (38) reflecting total losses of firmina
transition period is given aso. It isrequired to find firm control uy, k=0, ..., N—1 which
deliversto criterion (38) minima value.

The formulated problem of optimal control is solved by dynamic programming
approach (Kwakernaak, 1972). Thus optimal control turns out as

u, =-Kix, - K¢w,, k=0,..,N-1, (39)
where matrixes K; and K? are determined from
Ki=zTLA, K=z (TLA+TZ),  z,=(R+BeT.B) B¢
and matrixes
Ti=QeAcT(A- k), T2=(A- Bk {rL,A«T,),
are solutions of the equations such as Riccatti with boundary conditions T, =S,
T:=0.

At unknown disturbances wy and absence of the information on exact current values
of afirm state vector X, (i.e. at control in uncertainty conditions) in (39) it is necessary
to use estimations of vectors wy and xy. Below some ways of reception of such
estimations will be stated.

At construction of optimal control (39) for firm (37) as parameters the optimal
parameters received after its adaptation were taken. For studying behavior of firm at
optimal control as weightings of components in quadratic criterion the following factors
were taken: weighting of the profit | ° = 0.01; weighting of production costs| * = 1;
weighting of losses of marketing firm | 2 = 1. The model digitization period was taken T
= 0.05 weeks. Modeling was carried out for 200 weeks. On fig. 5 the behavior separate
variable manufactures is shown at sine wave fluctuation of demand with amplitude of
10% and the period in 52 weeks (@t initial value of demand w{=1000 units per one

week).
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Fig. 5. Firm reaction at sine wave change of demand for production
on 10% with the period of 52 weeks

1 — accounts for payment; 2 — accounts to reception; 3 — cash; 4 — demand for
production

To have an opportunity to estimate quaity of new control rules except for quadratic
criterion (38) other criteria were counted up also: missed benefit Ly (35), fina profit of

firm x2 (25) and final dividends of shareholders x3 (22). In tab. 2 values of criteria



for optimal control (39) and for old control rules (2) are given. Vaues of all criteria at
optimal control of firm (39) became better.
Table 2
The comparative table of criteria
at sine wave change of demand for production on 10% with the period of 52 weeks

Criterion Old control rules | New control rules | Change of (%)
The missed benefit (goods) 577.89 518.07 10.35
Profit (mon. units) 1412677.63 1518080.42 7.46
Dividends (mon. units) 1483807.12 1546335.33 4.21
Quadratic (mon. units’) 117476957272.75 9846474362.40 91.62

Any deterioration in any of three these criterions conducted and to deterioration of
value of quadratic criterion. It speaks that the constructed quadratic criterion really may
be used for an estimation of quality firm functioning.

5. Estimation of firm parameters and its state in conditions of uncertainty. The
solution of optimal control problem and to decision making is preceded with a stage of
definition of its current state. In firm state and dynamics of processes proceeding in it
are characterized by parameters and state vector. Changes of afirm state are not
predetermined. Therefore at construction of mathematical model uncertain sizes with
which it is necessary to deal in practice are represented through the determined (known)
and casua components. Estimation of firm is carried out in conditions of incomplete
information.

In such situation it is possible representation of economic-mathematical model of
firm in terms of state space and, at transform to linear model, application of Kaman
filter (Brammer and Siffling, 1989) providing an unbiased state estimation with the
minimal dispersion of error. Besides other approaches to the solution of a problem firm
state estimation that are not supposing presence in model of casua components are
possible.

The firm state X, is observed by information system. Measurements yy carried out
with error x act further in the estimation block where on the basis of the aprioristic
information on the economic-mathematical model known with error xy a priori
uncertain parameters are specified and carried out estimation of the current condition
X, firms with use Kalman filter for example. On abasis a posteriori information on a

firm state is made a decision expressed in control influence ux on firm.
The equation of firm (1) can be presented as

X =A(P) X, +f (X, p) +B(p)u, +G(p)x,, k=0, ...,N-1, (40)
where Xk, p, Uk, X, arevectors of a state, parameters, control and disturbances
accordingly; A(p), B(p), G(p) are matrixes; f(x, p) is nonlinear vector function.

Vector of disturbances x, characterizes inexact knowledge of the firm equations.
Concerning avector X, various assumptions on the used approach to estimation may be

made. For example at use of Kalman filter the assumption of its casual character is
made. The vector of parameters p is supposed constant and unknown.



It is considered that to FIS are accessible to measurement only a part of variables
and probably firm parameters. For example such state variable as orders which have

been not executed by marketing firm (x:*). It is necessary to note that for firms at which

the vector of parameters p is not a constant and if its instability renders essential
influence on firm functioning knowledge of al coordinates of a vector p may justify
expenses for FIS creation.

Measurements are made with errors. For example materials in channels of supply

x 2 is measured with error h* and on FIS output we have
yE=x2+h® | k=0, .. N.
So let FIS work is described by the following equations
Y, =G[x., p*+h, . k=0, ..., N, (41)

where G is a constant matrix; y, hi are vectors of measurements and measurements
errors. Aswell as for avector of disturbance x, interpretation of a vector of errors hy

depends on the approach used for estimation of firm state and its parameters.

Matrix G in (41) determines what information on firm from all variable conditions
Xk and, probably, parameters p is accessible to observation. Its volume will differ
strongly in cases if firm management is interested in reception of the information on a
firm state, for example, and, on the other hand, any external observer wishing to receive
more full than popular information on firm state. It is obvious that the observer
estimating a state within of firm has more full information on its current state. In model
it isexpressed in increase of dimension of avector i in (41) in comparison with
observation from the outside and, hence, in improvement of quality estimation.

Below the following approaches to the solution of a estimation of state and
unknown firm parameters problem will be considered: based on use of agorithm of
Kalman filter (Brammer and Siffling, 1989), the guaranteed approach (Kurzhanskii
1996) and a so the minimax-stochastic approach (Shiryaev 1994.).

5.1. Estimation by Kalman filter. We shall consider all over again a case when firm
parameters are known and there is a problem of reception of firm state estimation by
results of the measurements made by FIS (41). We shall consider that nonlinearity
influence in (40) can be neglected. Then the equations of firm and FIS can be presented
as

Xy =AX, +Bu, +Gx, , k=0, ..., N-1, (42

Y =GX, +h, , k=0, ..., N- 1. (43)

Theinitial condition X, is given with some error. X, , hy are random variables with
normal distribution, zero average and given covariance matrixes Qx and Ry accordingly.
The equation of Kalman filter looks like

R = ARy +BU + K (Viw - GX ), k=0, ..., N- 1, (44)
where Ky is optimum filter coefficient; X, isan estimation of afirm state Xy.
Coefficient Ky is determined as

K =[Ac P AE, +AQAIGHG, (A, R AL, +AQ, ,AIGE+R, ], (45)
For alinear case (42) equations of firm Ay = A, k=0, ..., N.

Estimation of a firm state occurs as follows. The initia estimation of a state vector
Xo and covariance matrix Py is set. Then the optimum filter coefficient K, (45) is



caculated and on the basis of measurement y; the estimation f(l of state vector X, is

received. On the given step of algorithm it is possible to judge estimation errors on the
appropriate diagonal elements of matrix P;. Further the algorithm repeats while errors
estimation do not become small enough.

Lack of algorithm of Kaman filter for estimation of firm state is that the filter
should be constructed on the basis of the aprioristic data about statistics of considered
process that in this case corresponds to presence of the aprioristic information on
statistical characteristics of vectors X, and hy. The guaranteed approach (Kurzhanskii

1996) isrelieved of the given lack.

In case of the nonlinear equations of firm expanded Kaman filter (Brammer and
Siffling, 1989) is used. In this case the equations of firm can be presented as (40).
Expanded Kalman filter uses the equations that are linearized concerning last
estimation. In this case the equation for optimum filter coefficient K aso looks like
(45). Matrix A inthis caseis calculated as follows:

qf
A =— , k=0,...,N, 46
= (46)
where each element of this matrix represents value of apartial derivative an element i of
the appropriate vector function on an element j of a state vector caculated at X, =X, .

After linearization of the equations are resulted in akind (42). The equation of the filter
(44) in this case looks like

X =F (X, P U ) +BU + K (Vi - GX, ), k=0,...,N.

That besides state variable were calculated estimations of unknown parameters the
state vector is supplemented with elements of a vector of parameters. In result we have a
vector

X, =[x, pl¢.
which is named the expanded vector. Accordingly model (40) will be added to the
following eguations

plk+l:pll( +X|k+n! i:Ol"'lSl

i+n

where x, " is drift of value parameter i; n is dimension of avector Xx; Sis number of

firm parameters. The standard algorithm of expanded Kaman filter further is applied to
avector Xg.

Practice of application of Kaman filter for nonlinear systems shows that
linearization (in Kalman filter) transforming it to a linear kind not aways provides good
approximation of initial model (fig. 6, curve 2). In other words values of state vector of
firm mode (40) and linear modd (42) in due course differ more and more. It depends
not only on a kind of the equations (40) but also is determined by dimension of system.
Therefore it is meaningful to carry out decomposition of the given system on rather
independent subsystems of smaller dimension and to solve estimation problem already
in each of them. In separate subsystems flows (information, orders, materia etc.) may
be alocated both divisons of firm. Then the model of everyone subsystem i will be
written down as

Xik+l:fi(X:<1pi’Zik)+Xik1 yik+1:gi(xik+l)+hik+l1 k:O, cr N_l'
where z, isaknown vector of variables from other divisions.
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Fig. 6. Coefficient describing a desirable stock in marketing firm

Asareault of alinearization error decrease that results in reception of more exact
estimations of firm parameters (fig. 6, curve 3). If it is necessary to estimate parameters
only parts of subsystemsit is possible to not waste period and resources on estimation
of firm parameters. But it is obvious that the best estimation results in the certain
parameter are achieved if its value is accessible to measurement of FIS (fig. 6, acurve
4).

5.2. Application of the guaranteed approach for estimation of firm state. In the
guaranteed approach (Kurzhanskii 1996) it is considered that a priori for firm model and

FIS as (42), (43) the estimation of firm state X, as the given set )A(0 to which possesses
value of this vector is known only x, 1 X » - During measurements it is specified and the

received guaranteed estimations of )A(k are used for control. It issimilarly considered
that values of disturbances X, acting on firm and a vector of measurements errors h,
belong to someknown sets: x, 1 W,, h 1 V,.

On the basis of the previous guaranteed estimation of vector of afirm state )A(k and
the accepted administrative decision uy the prediction locus X, ,,, of vector of afirm

state X, = A)A(k +Bu, +AW,, k=0, ..., N-1. Obviously all operations here are
made above sets (linear transformations of sets and the sum of sets). The sum of setsis
understood in Minkovskii sense: A+B={fi: fi=a+b, a A, bl B}. By results of
measurement Y1 the set of vectors Y\.1 compatible to results of measurementsis
calculated
Yk+1 :{Xk+1 : yk+l = ka+l +Vk+1} ’ k = 01 l, T N_l

These two sets are used for calculation of the current guaranteed estimation of a
firm state X .,

A~

Xk+l:Xk+]JkﬂYk+l’ k:01 1! -..,N—l,
where N is operation of sets crossing. If necessary for a point estimate of avector X,

may be taken the Chebyshev center of this set (it is a point the maximal distance from
which up to any point of set is minimal).

One of the most widespread ways of the definition of setsisther representation as
convex polyhedrons. The polyhedron may be set either a vertex set or system of linear



inequalities. In this case operations above sets do not leave a class of convex
polyhedrons. Other widespread way of representation of setsis by means of ellipsoids.
It is possible to write down an inequality specifying ellipsoids as

(Q'l(x - a),(x- a)) £1,
where ais an-dimensional vector (the elipsoid center); Q is the symmetric positive
defined matrix of dimension n” n; brackets (, ) designate scalar product of vectors.

Each of these ways has the merits and demerits. So approximation of sets by
polyhedrons system of the big dimension resultsin the big number of vertex that
demands increase of volume of operative memory but at the same period allows to
specify an estimation beyond all bounds. This algorithm has essential advantages before
agorithm of construction ellipsoid estimations as it enables at restrictions on computing
capacities to use coarsened estimations of sets. All operations above polyhedrons result
in polyhedrons that is not true for ellipsoids. Redlization of the basic operations above
approximating ellipsoid by ellipsoids is significant coarsened received results. However
when €llipsoids approach provides acceptable resultsit is more preferable. On fig. 7
estimation errors for two state variables by results of 100 measurements are given. On
the given interval appropriate to two days of red time the estimation errors has
decreased as a minimum four times that is good result.
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Fig. 7. Estimation errors

5.3. Application of the minimax-stochastic approach for estimation of firm state. In
this case the aprioristic information on an initial firm state, disturbances and handicaps
has the mixed character (Shiryaev 1994.), i.e. smultaneoudly there are both components
with known distribution laws and components concerning which areas of their change
are known only.

Let in linear approximation of the equation of firm and FIS look like
Xk+l :Akxk +Bkuk +Aka +Tk’ yk+l:Gk+le+l+Hk+le+l+gk+l’ k:O’l (47)

Here T,, h, areindependent normal casua vectors with zero average and known
covariance matrixes Qx, Rk, accordingly. Initia firm state X, disturbances wy and

handicaps vx may accept any value from given convex compact is known only
X, 1 X, w, T W, v,1V,, k=01....
All matrixesin (47) are known an index k at them below falls for reduction of

record. Initial value covariance matrix Py also is given.
At minimax estimation on measurements the information set is constructed

X, ={% =MIx, |y, (3,2, 01T D,},




where z, (J ={X,,w,_, (3, v, (3} arethethreefrom aninitial condition sequences of
disturbances w, , (¥ ={w,,...w,,} and handicaps v, (§ ={v,,... Vv, };
Dk :{Zk(% : XOT YO’ Wi T Wi ! Vi+lT Vi+l’ I :O’:L"'k- ]}’ M[Xk |yk(>)’zk(>)] iSthe
operator of aconditional expectation; X, =M[X, |y, (3,z, (3] is the optimum root-
mean-square estimation calculated at fixed value z, (3.

For information set the estimation from above looks like

Zk:)‘zk+Lk, k=031..., ).ZO:XO, L,=0 (48)
where
X =A X +A W, +L H (-V,) 49)

is the aprioristic information set and the sum of sets as well asin the guaranteed
approach is understood in Minkovskii sense; a vector

L = Al ¥ Bl LY, (50)
is determined by results of measurements yx. Matrixesin (48), (49) look like
where | isan unitary matrix; L, =P, G R;"; amatrix P is from Riccatti equation
P.=M,G(GM,G +R,)'GM,, M, =AP_A +Q,, .
At receipt of the next measurement y; vector Ly isfrom (50) and information set
Ylk turns out from (48). We shall note that if sets Dy is convex polyhedrons sets X ‘

also will be convex polyhedrons and a problem of construction of set X . may be shown
to construction of a convex hull of the appropriate vertex set. Approximation of setsis
possible aso >?k by dlipsoid. The sizes of set ).Zk will determine errors estimation of

vector xx. To similarly guaranteed approach for a point estimation may be taken the
Chebyshev center of this set.

In the present paper the dynamic economic-mathematical model of firm including
flows of orders, materias, alabor, and aso the finance and accounts department is
constructed. The analysis of change of demand for its production on behavior of firmis
carried out.

The problem of firm adaptation to change of a market situation as a problem of
parametrical optimization is formulated and solved. Influence on values of optimal firm
parameters of the means restriction allocated on adaptation and changes of demand for
production are investigated.

For the solution of optimal control problem by the firm at change of a market
situation formulates integrated quadratic criterion of firm functioning efficiency
reflecting its total losses at change of a market situation. The integrated criterion is
divided on three parts to each of which there corresponds the weighting factor. The
concrete set of weighting factors reflects structure of preferences of the persons
accepting administrative decisions. By means of integrated criterion of efficiency the
problem of optimal control by firm is formulated and solved. Thus control is received as
feedback that makes its more flexible and sensitive to the processes proceeding inside
firm and provides operative firm management at change of a market situation.
Comparison of changes of other firm functioning efficiency criterions (the missed
benefit, the profit and dividends of shareholders) with changes of integrated quadratic



criterion shows that the constructed criterion really may be used as an estimation of a
firm State.

The problem estimation of firm state and its parameters by means of firm
information system in conditions of disturbances acting on firm and information system
is solved. A number of approaches to the solution of estimation problem are described:
estimation by Kalman filter (stochastic disturbances), application guaranteed
(disturbances for which the range of change is known only) and minimax-stochastic
approaches (disturbance of both kinds). Last approach is the most effective for the
solution of estimation problem and considerably allows improving quality of accepted
administrative decisions in conditions of uncertainty. Application of a method
decomposition of mathematical model of firm according to its structural divisions has
alowed lowering orders to computing resources at redlization of agorithmsin rea
period for nonlinear model of the big dimension.

The developed mathematical model, agorithms of adaptation, optima control and
estimation firm parameters and its state and the software may be used in CALS
technologies in the integrated firm control systems
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