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Abstract

The purpose of the System Dynamics method is to study the relationship between
structure and behavior in non-linear, dynamic systems. In such systems, the
significance of various structural components to the behavior pattern exhibited,
changes as the behavior unfolds. Changes in structural significance, in turn modifies
that behavior pattern, which, in turn, feeds back to change the relative significance of
structural components. We develop a mathematical framework within which we can
study the characteristics of this feedback between structure and behavior. This
framework is based on a piecenise observation of the model over time, a
characterization of the behavior pattern exhibited using eigenvalue analysis, and an
identification of the relative contribution of each of the loop in the model to each of
the eigenvalues that characterize the total behavior, and thus to the total behavior.
Thiswork is an extension of the work by Nathan Forrester and Christian Kampmann
on the use of eigenvalue analysis in system dynamics. Our main contribution, in this
paper, is embedding eigenvalue analysis in a broader analytic framework to capture
the transient as well as long-term behavior of non-linear models in general. The
mathematical framework developed has been implemented in the form of computer
algorithms and tested in a variety of cases.



Using this method, we can classify, at any point in time, the feedback loops in a
system with respect to their relative significance to the system behavior. This allows
us to offer a structural interpretation of the behavior exhibited. Moreover, the method
is a key to managing such systems because it allows us to rank, at any point in time,
the loops of a model with respect to their significance to the behavior of that model.
Thus, as a basis for our management of the system, we may identify the loops that
contribute most significantly to the model behavior in a favorable or in an
unfavorable way, and, consequently, the loops to strengthen and weaken, respectively,
while managing the system.

1 Introduction

System dynamics is the theory of the relationship between structure and behavior in
dynamic systems. One of the most challenging tasks in system dynamics has been to
understand how behavior emerges from the underlying structure, i.e. how behavior is
created in non-linear models and how that behavior feeds back to change the relative

significance of the various loops of the underlying modd structure.

In this paper, we will identify the units of analysis of the structure and the behavior of
a non-linear model and develop a method by which we can identify the causal
relationship between the two. More specifically, we want to attribute the properties of
the modd behavior, characterized by the Behavior Pattern Indexes, to properties of
the underlying model structure, characterized by the gains of the loops in the modd.
As indicated in figure 1, we will demonstrate that the eigenvalues of the modd
condtitute the link between mode structure and behavior. On the one hand, they
originate solely from the loops of the structure of the model and, on the other hand,
they characterize the behavior of the moddl.
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Fig. 1. Structuredrives behavior through the intermediate eigenvalues link.

We will illustrate the theory presented in this paper with several examples. A smple
main example --example 1-- has been incorporated throughout the text to demonstrate
the elements of the theory. In addition, we use other, more specific examples to
illustrate particular issues raised. At the end of the paper, we present the “yeast cells
generation” example to demonstrate all the steps of the procedure that we recommend
be followed in the analysis of complex, dynamic systems.

Our main example, example 1, described below, is inspired by a smilar example
given by Mojtahedzadeh (Mojtahedzadeh, 1996, p. 38) to demonstrate that a
traditional eigenvalue analysis, alone, is not sufficient to explain the trandent
behavior of even such a smple moddl. He argued that eigenvalue analysis could only
be used to study long-term behavior. Our contribution, in this respect, is to
demonstrate that eigenvalue analysis can be embedded in a broader analytic
framework to capture the transient as well as long-term behavior of non-linear models
in generdl.

Example 1, presented in figure 2 and table 1, is a smple linear, second order model
with state variables, Level 1 and 2, governed by the rates Slope 1 and _2,
respectively.
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Fig. 2: Example 1, stock and flow diagram

init Level_ 1=7
flow Level_1=Sope 1

init Level 2=3
flow Level_2=Sope 2

Slope 1 = (-0.15* Level_1)+(-0.2*Level_2)+const_1
Slope_2 = (-0.2*Level_1)+(-0.15* Level_2)

Const_1=0.1

Simulation Setup Parameters:
Start Time=0; Stop Time =45; Simulation Time Step = 0.1

Table 1: Example 1, equations

Note: In this paper, we denote scalars using variablesin small |etters; vectorsin bold,

underscored, small letters; and matricesin bold, capital |etters.

2 Behavior pattern indexes
2.1 Definitions and justification

The properties of the behavior that we will be focusing on are the sope (s), and the
curvature (c) of each state variable (x). These are defined, in this paper, asfollows:
- the dope, s, isdefined as the (time) derivative, x, of that state variable, x; and



- the curvature, ¢, is defined as the double (time) derivative, X, of that state variable.

The convergence/divergence of a state variable at any instant of time is defined as the
rate of change of the absolute value of the Sope, s, of this state variable, i.e. d|gj/dt. If
the state variable is in a convergent mode, then d|g/dt will be negative, i.e. the abso-
lute value of the dope, |9, is decreasing with time. If the state variable is in a diver-
gent mode, then d|g/dt will be positive, i.e. the absolute value of the dope vector, |9,
isincreasing with time. Note that |[g=0 isapartial condition for equilibrium.

Asthe state of amodel changes over time, so do the slopes associated with each of the
state variables. Consequently, for a state variable x, we may express the new sope,
I.e S new, 1N terms of the original dope, S« arrent, @nd the rate of change in the dope
over the subsequent period of time, i.e. the curvature, cx.

S new= Sx current + Dt * C

We may now investigate the properties of theratio:

Cx / Sk current

We want to illustrate that this ratio can be considered as a proxy for the d|s/dt
indicator. Note that if ¢ and S arent have the same sign, then this ratio will be
positive, and the absolute value of the dope will increase (i.e. d|s/dt > 0), - an
indicator of divergent behavior. If, on the other hand, the two have opposite signs,
then the ratio will be negative, and the absolute value of the dope will decrease (i.e.
d|s/dt < 0), - an indicator of convergent behavior. If ¢ = 0, then the ratio will be 0, so
that the absolute value of the dope will not change, i.e. d|s|/dt = 0. In such a case, if
Cx changesits value from -e (e- >0) to +e, then the ratio (¢x / S« current) Will change from
negative to postive -- or the reverse, depending on the sign of S arrent. AS @
consequence, the value of d|s,|/dt will also change from negative to positive -- or the
reverse, - an indicator of a transition in the mode of behavior from convergence to
divergence -- or the reverse. If s aurent Changes its value from -e to +e, then the ratio
(Cx I Sk current) Will change from -¥ to +¥ -- or the reverse, depending on the sign of c.
That would be an indicator of a discontinuity in d|s/dt, and thus, also in this case, a
transition in the mode of behavior from convergence to divergence — or the reverse.



Since theratio ¢« / S current IS Characterization of the mode of behavior exhibited by the
state X, we define an indicator of that behavior in the form of a Behavior Pattern
Index (BPI), associated with a particular state variable, X, as.

BPIx = ¢/ s
BPI serves as a normalized proxy for the d|s;|/dt.

For the model as a whole, there is an array of dopes, the s (X ) vector, and curvatures,
the c (X) vector. For a model, we define the overall BPI to be the angle between the

two vectors, s and c. Generaly, in an™ order model, say, a 300 states model the s and

R3OO R3OO

¢ vectors cannot be visualized (in ). Yet, any two vectors in

R*®: j.e aplane . In this plane, the angle

will, however,
span a two-dimensional R? subspace of
between the two vectors is real and well defined (measurable). In fact, the angle (q)

between the two vectors sand c isgiven as.

sc

Isl*Icl

Cosq = (Watkins, 1991, p. 137)

Where s.c isthe inner (scalar) product of the two vectors; |d is the (Euclidian) length
of dope vector; and |c| isthe (Euclidian) length of curvature vector.

The angle between s and ¢ is an indication of the divergence or convergence of the
model as awhole at any time instance. If the angle (between s and ¢) isin the range of
[0°,90°), then the model, as a whole, will bein a divergent mode. If, on the other hand,
this angle is in the range of (90°,180°], then the model, as a whole, will be in a
convergent mode. The condition of a “sustained mode’ for the modd as a wholeis a
persistent angle of 90°.

The logic behind the idea of using the angle (between s and ¢) as an overall BPI is
based on a generdization of the one-state variable case discussed above and goes as
follows:

! The two vectors will span a one-dimensional sub-space (i.e. aline) if they were linearly dependent.



The first step is to explicitly define what we mean by a divergent or a convergent be-
havior mode for the model as a whole. A direct measure of the convergence or diver-
gence of a modd at any instant is the rate of change of the length of the slope vector,
d|s/dt. If the whole model is in a convergent mode, then d|gl/dt will be negative, i.e.
the length of the dlope vector, |g, is decreasing with time. Note that a necessary
condition for equilibrium of the modd is |g=0. If the whole model is in a divergent
mode, then d|g/dt will be positive, i.e. the length of the slope vector, |d, isincreasing
with time. And if the whole model isin a sustained mode, then the length of the dope
vector, [g), is constant over time.

The next step is to understand how the angle g between the vectors s and ¢ can be
seen as a characterization of the rate of change of the length of the dope vector,
dlsl/dt, in any n™ order model. Now, in a very small timeinterval;

Srew= Sodt+ Dt* ¢ (avector summation).
In the same plane spanned by ¢ and s, we can decompose the vector ¢ into two

components, one paralld to the vector s, and the other perpendicular to the vector s.
The paralld component is,

|| cos(q) (s/1s),

Where (s/|g)) isaunit vector along the same direction as the slope vector. The length

of the perpendicular component is given as:

Ic| sin(q).

If one takes the limit of the equation (Snew = Sad + Dt * ¢) as Dt ® O, then the
perpendicular component of ¢, will not affect the length of the vector s. It will just
shift the direction of the vector s, i.e. it will make vector s rotate around the origo .

2 The angular velocity of the slope vector w yqpe (the speed of rotation around the origo) can be
calculated from the perpendicular component of c. See example 3 for illustration.



And the only component (of vector ¢) that will affect the length of the dope vector, |g,
is the parald component, i.e. |c| cos(q) (s/|g]). Consequently, we can conclude that if
g isin the range of [0°,90°), then cos(q) > 0 and |g] will increasg, i.e. digl/dt is positive.
If, on the other hand, qis in the range of (90°180°, then cos(q) < 0 and |g will
decrease, i.e. d|g/dt is negative. Moreover, if g equals 90°, then cos(q) = 0 and |g] will
be constant, i.e. d|gl/dt is zero.

We may use the overal BPI (angle ) to characterize the mode of behavior of a
moded. This is because, using the angle g, one can characterize qualitatively (pos. /
neg.) the rate of change of the length of the dope vector, d|g/dt. Thus the angle g can
be considered a proxy for d|gl/dt.

In the rest of this section, we will present several examples to illustrate the use of

behavior pattern indexesin SD models.

2.2 Behavior pattern indexes —example 2

Example 2 is a smple first order mode with the state variable Level_1, governed by
the Slope_1, - amodd that can exhibit exponential growth or decay, depending on the
value of the parameter Constant_1. A postive value implies exponential growth,

while a negative one implies exponential decay.

Slope_1 Level_1
>

Constant_1

Fig. 3: Example 2, stock and flow diagram of the model



In order to analyze the model in example 2, we need to add an auxiliary structure, see
figure 4, that calculates the pattern index, Pattern_Index, for the state variable based
on the first derivative, Slope 1, and second derivative, Curv_1; it also calculates the

rate of change of the absolute value of the dope, Rate_ Change ABS _Slope:

Rate_Change_ABS_Slope

Fig. 4: Example 2, stock and flow diagram of the calculation of the behavior
pattern index, and the rate of change of the absolute value of the slope

Below is the table of equations for example 2.

init Level_ 1=1
flow Level_1=Rate 1
Slope 1= Constant_1*Level_1
Curv_1=DERIVN(Sope_1)

Note: DERIVN isthe time derivative function.
Constant_1 =2 (or —2)
Pattern_Index = Slope_1/Curv_1
ABS _Slope =ABS(Slope_1)

Note: ABSisthe absolute function.
Rate_Change ABS Slope = DERIVN(ABS_Slope)

Simulation Setup Parameters:
Start Time=0; Stop Time =10; Simulation Time Step = 0.01

Table 2: Example 2, equations

For Constant_1 = 2, this model exhibits the following behavior with respect to the
state variable (Level_1), BPl e 1, and d|sl/dt:
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Fig. 5. Example 2, behavior, Constant_1= 2

Note that the graphs for BPI e« 1 and d|s)/dt qualitatively provide the same informa-
tion about the state variable Level_1, -- that the state variable is divergent since both
of them take positive values. BPl e 1 1S cOnstant because it is a normalized expres-
sion of the divergence, i.e. of curvature, c with respect to ope, s. BPl e 1 iSthus a
compact characterization of the mode of behavior exhibited by the state variable.

In figure 6, we portray the relationship between the sope and curvature of Level 1.

This is a linear rdationship reflecting precisely the fact that there is a constant

positive BPl e 1, - 1.€. @ constant ratio between curvature and slope.
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Fig. 6: Example 2, the relationship between the slope and the curvature of the
state variable, Constant_1=2

We now turn to a characterization of the model in example 2 as a whole, recognizing
the fact that thisisamode with only one state variable. In this example, if;

s=[v1] isavector of one e ement
\ c=[2* v]l] isavector of one e ement,
then;
v1* 2* vl

SC
COSq: — = =1
IsI*[c| [vi]*|2* V1|

Note that the overall BPI for the entire modd is defined as the angle q between the
curvature and dope vectors. Thus the overall BPI is 0°, which is a qualitative
indication of a divergent behavior mode exhibited by the modd.

Now, if, in this model, we change the value of Constant_1 from “2” to “—2", then we

will obtain the following behavior with respect to the state variable (Leve 1),
BPl e 1, and dig/dt:

11
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Fig. 7. Example 2, behavior, Constant_1=-2

Again note that the graphs for BPl e« 1 and dig/dt qualitatively provide the same
information about the state variable Level 1, -- as they both take negative values,
indicating that the state variable is convergent.

In figure 8, we once more portray the relationship between the slope and curvature of
levd 1. And again there is a linear relationship reflecting the fact that we have a
constant, this time negative, BPl e 1, - 1.€. @ constant ratio between curvature and

sope.

12
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Fig. 8: Example 2, the relationship between the slope and the curvature of the
state variable, Constant_1= -2

Once more, we turn to a characterization of the model in example 2 as a whole, - this
timefor Constant_1 = -2. In thisexample, if;

s= [v1] isavector of one element
\ c=[-2* vl] isavector of one eement,
then;

Note that the overall BPI for the entire mode is defined as the angle q between the
curvature and slope vectors. Thus the overall BPI is 180° which is a qualitative
indication of the convergent behavior mode exhibited by the model.

2.3 Behavior pattern indexes —example 3

Our next example, example 3 (fig. 9), is a second order model with the state variables
Level 1 and 2, governed by the rates Slope 1 and _2, respectively. This example
provides us with an opportunity to comment on the distinction between the behaviors
of the individual state variables, characterized by BPI_1 (BPI Leve 1) and BPI_2 (BPI

13



Level_2) espectively, and the behavior of the model as a whole, characterized by an
overall BPI.

Slope 1 Level 1

©

Slope_2 | evel 2

Fig. 9: Example 3, stock and flow diagram of the model

Rate_Change ABS_Slopel

Overall_BPI

Fig. 10: Example 3, stock and flow diagram of the calculation of the behavior

Rate_Change_ABS_Slope2

pattern indexes and the length of the slope vector.

14



Fig. 10 illugtrates the auxiliary structure in example 3, that is responsible for
calculating the behavior pattern indexes and the length of the dope vector. Below is

the table of equations for example 3.

init Level_1=1
flow Level_1=Sope 1

init Level 2=1
flow Level_2=Sope 2

Slope 1=0.1*Level 2
Slope 2=-0.1*Level 1

Curv_1=DERIVN(Sope_1)
Curv_2 =DERIVN(Sope_2)

BPI_1=Curv_1/Sope_1
BPI_2 = Curv_2/Sope 2

Overall_BPI = (180/P1)* ARCCOS( ( (Sope_1*Curv_1)+(Slope 2*Curv_2))/
(SQRT(Slope_1"2+Sope 2"2)* SQRT(Curv_172+Curv_2"2)))

Length_Slope_Vector=SQRT( (Slope_1"2)+(Slope_2"2))

Rate_Change ABS Slopel = DERIVN(ABS(Slope_1))
Rate_Change ABS Slope2 = DERIVN(ABS(Slope 2))

Simulation Setup Parameters:
Start Time=0; Stop Time =200; Simulation Time Step = 0.01.

Table 3: Example 3, equations

The behavior of this model is exhibited in figure 11 portraying the behavior of the
state variables, Level 1, and 2; the individual BPIs, BPI_1 and BPI_2; the overall BPI
(in this case congtant); and the |g| (in this case congtant, indicating a zero change in the
length of the dope vector). In this model, while as each of the state variables are
alternating between a converging and a diverging behavior mode, as indicated by the
dynamics of the associated BPIs, the modd as a whole exhibits a sustained mode of
behavior (i.e. a sustained oscillation) as indicated by the overall BPI, that permanently
takes the value 90° as well asthe fact that the length of the dope vector, s, is constant.

15
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Fig. 11: Example 3, behavior
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We may now provide an explanation for the constant length of the slope vector in the
case of a sustained oscillations based upon a decomposition of the curvature vector, c,
into two components, - one along the sope vector and one perpendicular to that
vector. In this case, the projection along the slope vector amounts to 0 (cos 90° = 0)
and, therefore, the only change in the dope vector that takes place is a displacement
perpendicular to that vector. This displacement is infinitely small and, consequently,
does not cause a change in the length of the vector. Moreover, thus having changed
direction by an infinitely small angle, a second, infinitely small displacement can take
place, also that perpendicular to the new vector, - again causng no change in the
length of the vector. This series of infinitely small adjustments of the direction of the
vector, with no change in the length of the vector, causes the slope vector to move
along a trgjectory that constitutes an arc of a circle with the radius equal to the length
of the slope vector.

This can be seen from figure 12, where the dope vector is portrayed in a space
gpanned by the dopes of the individual state variables of the modd. The sope vector
rotates clockwise along the circle centered at origo. In figure 13, we illustrate the
trajectory of the curvature vector that constitutes the rate of change of the dope
vector. For illustration purpose, we consider the dope vector and the corresponding
curvature vector at a particular point in time. As seen from those figures, the curvature
vector is perpendicular to the dope vector at that particular point of time. As a
consequence, the slope vector is displaced clockwise along the tangent of the circle
portrayed in figure 12, with a tangent velocity that is equal to |c| sin 90°, i.e. |c| (the
length of the curvature vector). Moreover, the curvature vector, remaining
perpendicular to the slope vector, traverses clockwise the circle in figure 13. Over
time, a series of infinitely small displacements, perpendicular to the dope vector, take
place so as to move the dope vector along the circle portrayed in figure 12, and, thus,
the curvature vector along the circle portrayed in figure 13. As the tangent velocity of
the slope vector equals |c|, then the angular velocity Wyope (radians per time unit) of
the dope vector will equal to |c[/[g]. As, in this case, both |s| and |c| are constants, then

Wsope WIll TN turn be constant. In example 3, the calculation of Wyepe goes as follows:
in figure 12 as s=[0.1,0.1], then | = 0.1* v/2 ; and
in figure 13 as c=[0.01,-0.01], then |c| = 0.01* /2 ; thus

17



Waope = [csi= (0.01* /2)/ (0.1*/2) = 0.1
If we denote T to be the duration of one rotation around the origo (the period of one

cycle); then, T = 2p / wyepe= 20 p; which is approximately 63 time units.

0.2

-0.2-
Slope_1

Fig. 12: Example 3, thetrajectory of the slope vector in the phase space

.015 0.02

Fig. 13: Example 3, thetrajectory of the curvature vector in the phase space
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Also here we may graph BPI_1 and BPI_2; aswell as d|S (eve_1)/dt and d|S Leve 2|/dt tO
demonstrate that they, qualitatively, provide the same information about the behavior
mode of each state variable, -- the fact that they alternate between a divergent and a
convergent mode of behavior. This characterization of the individual behavior modes
as aternating (between divergent and convergent behavior) is not in conflict with, but
rather consistent with the characterization of the modd behavior mode, as a sustained
mode (of oscillation).

Note from the figure below that, in this example, BPIx and d|s|/dt will always have
the same sign, so that they qualitatively provide the same information about the modes
of behavior of the state variables of the modd.
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Fig. 14: Example 3, therelationships between the BPI and the rates of change of
the absolute values of the dopesfor the state variables.
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2.4 Behavior pattern indexes —back to example 1

The discussion of the relationship between the individual BPIs, associated with state
variables, and the overall BPI, can be generalized to models exhibiting non-sustain-
able behavior. For that purpose, consider the behavior of the origina modd (Example
1, fig. 1). Asindicated in figure 15 and table 4, we first add an auxiliary structure to
the moddl; in order to calculate the individual and the overall BPIs, and also to
calculate the rate of change of the length of the dlope vector and its components:

Overall_BPI

Curv_2

Fig. 15: Example 1, stock and flow diagram of the calculation of BPI_1 and _2
(BPILeve 1and _2), the Overall BPI represented by the angle, and the Rate of
changein the length of the slope vector and its components.

BPI_1=Curv_1/Sope_1
BPI_2 = Curv_2/Sope 2

Overall_BPI = (180/PI)* ARCCOS( ( (Slope_1*Curv_1)+(Slope 2*Curv_2))/
(SQRT (Slope_1"2+Sope 2"2)* SQRT(Curv_172+Curv_2"2)))

Rate_Change Len_Sope Vect = DERIVN ( SQRT( Slope_1"2+ Slope 2"2))

Rate_Change Abs Slopel = DERIVN(ABS( Slope_1))
Rate Change Abs Slope2 = DERIVN(ABS(Slope 2))

Table. 4: Example 1, equationsfor BPI_1and _2, the Overall BPI, and therate
of change of the length of the slope vector and its components.
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As seen in figure 16, we may consider one state variable at a time. Beginning with
Level_1, we observe that, in the first phase, the dope, s, is negative and approaching
0, while the curvature, c, is podtive, and diminishing, yet not reaching 0. The
implication isthat that BPI_1 = c/s approaches - ¥ . Thereafter, the dope, s, is positive
and increases, while the curvature, ¢, continues to approach zero (yet it never reaches
zero). Then the curvature increases slowly. Between these two modes of behavior, a
transition taken place at time 6.07, whereby BPI_1 changes from - ¥ to + ¥, i.e, and

thus, more significantly, from a negative to a positive value.

Now, considering the other state variable, Level_2, we observe that, in the first phase,
the dope, s, is negative and increasing yet not reaching 0, while the curvature, c, is
positive, and diminishing, while approaching 0. The implication is that that BPI_2 =
c/s approaches 0. Thereafter, the sope decreases (becomes more negative), and the
curvature also decreases (becomes more negative). Between these two modes of
behavior, a trangition takes place at time 10.93, whereby BPI_2 changes, aso in this

case, from anegative (- €) to apositive value (+ €).

For the model as a whole, the overall BPI (angle) starts out with a value around 180°
and slowly approaches 0°. At the point of transition for the model as a whole, the
overall BPI takes on the value 90°. This happens at time 8.5, i.e. between the points of
trangition for the individual state variables of the modd; or, more specificaly, --
midway between the two state transitions (i.e. 8.5=6.07 + (10.93-6.07)/2). Thus we
can define a period of transtion of behavior mode dominance for the modd as a
whole, initiated by the time the first state variable transition takes place and ending at
the time of the last state variable transition. For the model as a whole, therefore, we
define the transition of mode dominance to take place when the overall BPI = 90°.

Note one very important fact: The model described aboveis a linear model and
yet it exhibits shifts between modes of behavior whilein a transient development.

In figure 17, we portray the behavior of the model as a whole, expressed in terms of
the overall BPI, and we relate that to the rate of change of the length of the dope
vector. In the first phase, the overall BPI is larger than 90°, and the rate of changein
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the length of the dope vector is, consequently, negative. This implies a contraction of
the dope vector and indicates a convergent behavior for the model as a whole. The
contraction is gradually fading and reaches O at time = 8.5. At that time, the overall
BPI takes the value 90°, and there is neither a contraction, nor an expansion in the
slope vector. Subsequently, in the second phase, the overall BPI is smaller than 90°,
and the rate of change of the length of the slope vector is, consequently, positive. This
implies an expansion of the dope vector and indicates a divergent behavior for the
mode as awhole.

150.0000000+

100.0000000+

Overall BPI

050.0000000

000.0000000 f t ; f
0 10 20 30 40

Time

Vect

0.0

-0.21

-0.41

ge_Len_Slope
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Rate Chan

-0.8

Time

Fig. 17: Example 1, therelationship between the overall BPI and therate of
change of the length of the sope vector.

Note from figure 18 that BPIx and d|s.|/dt will always have the same sign, so that they
qualitatively provide the same information about the modes of behavior of the state
variables of the modd.
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Fig. 18: Example 1, the relationships between the BPIx and the rates of change of
the absolute values of the dopesfor the state variables.

To summarize our analysis of this example (example 1) so far, observe that the
transition of the mode of behavior of the model as a whole takes place in the midst of
a series of single mode behavior transitions, each associated with a particular state
variable. At each such individual change in mode of behavior, a particular component
of the dlope vector changes from a contraction to an expansion in length (or, as in
other cases, the reverse). The total impact of such individual component transitions on
the length of the slope vector, determines the mode of behavior of the mode as a
whole. In this case, thereis a trangtion from contraction to expansion in the first dope
vector component, i.e. Slope 1 at time 6.07. Thereafter, however, the second
component, i.e. Slope 2, is ill contracting and that contraction is sufficiently
significant to continue the contraction in the length of the sope vector as a whole.
Over the next time period, until time = 8.5, the contraction continues, in spite of the
expansion of the first lope vector component. Eventually, however, at time = 8.5, this
expansion begins to dominate the mode of behavior of the model as a whole, in the

sense that the contraction in the second vector component, i.e. Slope 2, is no longer
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sufficient to compensate for the expansion in the first component, i.e. Slope 1. As a
conseguence, we experience a trangition in the mode of behavior for the mode as a
whole from convergence to divergence, i.e. the contraction of the sope vector halts
and an expansion sets in. Over the next time period, until time = 10.93, the second
component of the vector, i.e. Slope 2, still contracts. But now the impact of this con-
traction on the length of the vector as a whole is less significant than the impact of the
reinforced expansion, taking place in the first component, i.e. Slope 1. Thus the
divergent behavior mode of the model as a whole becomes gradually more apparent.
At time = 10.93, we see a transition from contraction to expansion also in the second
slope vector component, i.e. Slope_2. Thereafter, both of the components of the dope
vector are expanding and, thus, so also the vector itself.

The transition of the mode of behavior of a moddl, state variable by state variable,
which we have described above, - one that eventually leads to a transition of the
model of behavior of the model as a whole, can be generalized to a modd of n state
variables. Typicaly, we may observe a transition in the mode of behavior for single
state variables long before there is a change in the mode of behavior of the model as a
whole. Moreover, other single state variable mode transitions are taking place after
there has been a transition in the mode of behavior of the model as a whole. Note that
such trangtions typically condtitute significant “events’ in the development of
dynamic systems, events that we want to recognize, predict, prepare for, promote or
postpone, cause or avoid. Our analysis can be generalized to any n™ order model, and
indicates that we may establish an “early warning system” for such events, based on
“leading indicators’, so as to be able to take appropriate actionsin time.

3 Theimpact of the eigenvalues on therate of change of the

length of the slope vector and its components

3.1 Thegain matrix as a foundation for the relationship between the
curvature and slope vectors
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The properties of the structure of the modd that we will be considering are the gains
of the links that congtitute the structure of the modd. In any modd, linear as well as
non-linear, we can identify the gain matrix (equivalent to the Jacobian used in linear

analysis):

(ABTD(/ X, TR/ U
? 1 ﬂxz . ﬂXn ljl
A, g
G=¢ /T .
e ¥
e .’ u
@ﬂx/ *./ @
=] ﬂxl ﬂXn 9]

Each dement (‘Ib'q X ) in the above matrix congtitutes a gain; i.e. the change in the
i

net rate (dope) of each state variable in response to a change in the level (value) of
any state variable in the model. Note that for any non-linear modd, the value of any
edement in the gain matrix can be calculated numerically (using finite-difference
approximations) for any state of the mode (i.e. values of the state variables at any
point in time).

Notethat as

% = F (X% e X,)

Then, by the chain rule:
o T ey TR ey W/
XI - AX]_ Xl + AXZ X2 + "'+ Axn Xﬂ

We can now utilize the chain rulefor all state variables with the following resullt:

|
I
®

|

Thus
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so that the gain matrix, G, relates the dope vector characterizing the behavior of the
model at any point in time to the curvature vector, also characterizing that behavior.
At any point in time, therefore, G transforms the s vector into the ¢ vector in an n-
dimensional standard space. In this space, the solution to the system of differential

equations,

=Gs

(@]

provides us with the time trajectory of the curvature and the dope of the modd. In
general, however, this system of differential equations can be solved only in
exceptionally simple cases because of the fact that each curvature X in principleis a
linear combination of all the dopes x. The implication is that the curvature
X associated with a single coordinate (axis) in this space is determined by the slopes

associated with all the coordinates (X ) (components mixing).

To be able to solve for the time trajectories of the curvature and the sope of the
model, we consequently, change coordinate system using eigenvalue analysis. (The
reader who is interested in a thorough overview of matrix eigensystem theorems may

consult appendix A).

From the gain matrix, G, we can derive the eigenvalues and the right eigenvectors, as,

per definition;
Gri=lir;

If G isan n x n matrix, we will have n eigenvalues, | ;, each associated with a right
egenvector r ;. In the normal case, we will have n distinct eigenvalues and the right
eigenvectors will be linearly independent (see appendix A, Coradllary A.3), and span
an n-dimensional space, R"; i.e. the right eigenvectors will form a new coordinate
system in R" that we, in this paper, will cal the “eigen-coordinate system’. Note that,
in general, the coordinates in this system are not orthogonal, yet they are of unity
length. The eigenvectors only specify a variety of directions in this space along which
the dynamics of the moded unfold as explained below.
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In this space, therefore, the slopes vector, s, can, at any time be expressed as a linear
combination of the right eigenvectors:
In this new (eigen-) coordinate system the aphas (a;) will be the new components of
the slope vector.
By differentiating the previous equation over time we obtain
c=a,r,+a,r,+..+ar,

In this new (eigen-) coordinate system, a, will be the new components of the
curvature vector.
Subgtituting sinto the equation, ¢c = G s, we obtain;

c=Glairi+azro+ ... tanr]
by rearranging, we obtain;

c=aiGrni+a,Gr+ ...+a G r,

and utilizingthat Gri =1 r;, weobtain;

c=ail inn+azl 2+ ..+anl o,

Recalling that
c=a,r,ta,r,+..+a.r,

then, along a particular coordinate (spanned by a right eigenvector), the dynamics that
takes place, can be described by the following differential equation:

Hence we obtain the solutions
aj = aioe' i(t-t),
wheret istheinitia time a® aretheinitial valuesof a; (at timet).

It is clear that the only factor determining the dynamics along a particular coordinate
(i.e right eilgenvectors) is the eigenval ue associated with that coordinate itself.
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Subgtituting these solutions into the equation for the slope vector yields the time
tragjectory of the slope:

S= aloe' 1(t-t) r+ azoe' 2(t-t) o+ ...+ ano e' n(t-t) I'n
Now, in alinear mode, the relationship
c=Gs

holds over time and so does the expression for the time trajectory of the slope vector,
s. For a non-linear mode this relationship is instantaneous. We will presuppose that
the reationship, G, holds for a small period of time, corresponding to the original
smulation interval. Thus the expression for the time trajectory of s will also hold for
this small period of time. For the purpose of our numerical analysis, we will now
choose a new simulation interval that constitutes a fraction of the origina interval.
Partitioning the time horizon, will allow us to apply the analysis described above to
non-linear models over each of the resulting time intervals.

We have now described the relationship between the eigenvalues | ; and the behavior
of the model, characterized by the dopes and the curvatures that are exhibited by the
state variables of the model. More specifically, we have demonstrated that the
dynamics along each of the coordinates (i.e. the right eigenvectors) is determined by a
sngle eigenvalue.

Note that the eigenvalues originate from the loops of the structure of the mode (as
explained in section 4.1). Thus, by studying their relative impact on the rate of change
of the length of the dope vector, we will be able to identify the impact of the
structural components, i.e. loops, of the model on the model behavior. Moreover, by
studying the impact of the eigenvalues on the rate of change of the length of a
particular dope vector component that is associated with a single state variable, we
will be able to identify the impact of the structural components in the model, on the
behavior of that state variable.

In the rest of this section, we outline our method of investigating the relative impact
of a particular eigenvalue on the model behavior as a whole. We also apply this

method to our main example, example 1.
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3.2 A method for ranking eigenvalues according to their relative

impact on the dynamics of the slope vector or its components

In this method, we first start out with a base run, whereby we allow for all of the
eigenvalues to smultaneoudy impact the behavior of the model as described by the
equation for the time trajectory of s. Subsequently, we eliminate, one at a time, the
dynamics of the modd along one particular eigenvector, r;, caused by the associated
eigenvalue, | ;. l.e. in the equations for s, we multiply a particular exponent | ; (t-t) by

0, e.g. for i=1;

S= aloe' 00 r+ azoe' L0 o+ ...+ ano e' L0 I'n
ies= al’ri+ald M+ L +ale M,

The result is that there is no more dynamics along r; . That is, the value taken along
this axis (the contribution to the total behavior) is constant, a;°, i.e. the initial value

taken by a; at the start of the current time interval.

By repesting this process for each i = 1... n, we can rank the eigenvalues according to
their relative impact on the rate of change of the length of the dope vector at any
point (interval) in time. Since each of these eigenvalues characterizes the dynamics
along a gspecific eigenvector, we implicitly rank the impact of each such dynamic

component on the total behavior of the model.

We now return to Example 1 (fig. 1) to illustrate the relationship between the
eigenvalues and the rate of change of the length of the slope vector. We first describe
an additional section in the modd (fig. 19 and table 5); one that describes the dopes,
Slope 1 and 2 in terms of the eigenvalues, thus linking the eigenvalues to the
behavior of the mode.

Note that the flags introduced in the equations for Slope 1 and _2 are used to (de-)
activate the impact of the eigenvalues on the behavior of the moddl.
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Fig. 19: Example 1, stock and flow diagram, linking behavior to eigenvalues.

Eigen_Slope 1=
(InitAlphal*r1(1)* EXP(Eigenvaluel* (TIME-STARTTIME)*Flag_Eigen_1))
+(InitAlpha2*r2(1)* EXP(Eigenvalue2* (TIME-STARTTIME)*Flag_Eigen_2))

Eigen_Slope 2=
(InitAlphal*r1(2)* EXP(Eigenvaluel* (TIME-STARTTIME)*Flag_Eigen_1))
+(InitAlpha2*r2(2)* EXP(Eigenvalue2* (TIME-STARTTIME)*Flag_Eigen_2))

Length_Slope Vector_Testing = SQRT (Eigen_Slope_1*2+Eigen_Slope 2"2)

Flag_Eigen_1=1 (settolor 0)
Flag_Eigen_ 2=1 (settolor Q)
Where:

Eigenvaluel isthefirst eigenvalue.

Eigenvalue? isthe second eigenvalue.

rlisfirst right eigenvector associated with Eigenvaluel; ri(i) isthei" element in the vector.
r2 is second right eigenvector associated with Eigenvalue2; r2(i) isthei™ element in the
vector.

Note that the eigenvalues and the eigenvectors are calculated form the gain matrix G.

InitAlphal, and InitAlpha2 aretheinitial values of theas. Their valuesare computed from
the following simultaneous equations:

Initial value of Slope_1 = InitAlphal * r1(1) + InitAlpha2 * r2(1)

Initial value of Slope_2 = InitAlphal * r1(2) + InitAlpha2 * r2(2)

Note that those simultaneous equations result from substituting TIME by STARTTIME in
the equations of the slopes.

Simulation Setup Parameters:

Start Time=0; Stop Time =45; Simulation Time Step = 0.005; Analysis Time Step = 0.1
(original simulation time step).

Table. 5: Example 1, equations, linking behavior to eigenvalues.

We will now perform two experiments, one in the convergent phase using the analysis
time step (0,0.1); and the other experiment in the divergent phase using the analysis
time step (20,20.1). Each experiment will take as a point of departure its uniqueinitial

values for the as, which are computed from the eigenvectors (that are computed from
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the gain matrix, G) and the initia values of the dopes at the start of the analysis time
sep. In the first experiment, the initial values of dopes are the values of the opes in
the origina modd at time = 0. In the second experiment, the initial values of the
dopes are the values of the dopesin the original model at time = 20.

First Experiment:
The parameters governing the smulation are:
Start Time=0; Stop Time =0.1; Simulation Time Step = 0.005; Analysis Time Step =
0.1; Timefor Setting Flags= Start Time=0.

The Gain Matrix is computed from table 1 as follows:

é& 015 -02u0
G=a¢a d
g- 02 - 0.15;

From G, one can use a “ matrix egensystem” algorithm to compute the eigenvalues
and the eigenvectors. The interested reader may consult the “EISPACK Guide” (Goos
& Hartmanis, 1976).

Eigenvaluel=0.05;  Eigenvalue2=-0.35

é u é u
R A R ¥

Sz S

The Initial Values of the dopes (at time=0) are:

Slope 1 =-1.55; Slope 2=-1.85
Hence, the Values of InitAlphal and InitAlpha2 are:

InitAlphal = -0.212; InitAlpha2 = -2.404

Now, we are carry out three ssmulation runs, each with a different setting of the flags,
and we report on the dynamics of the length of the slope vector for each run in the
following table.

Base Run: Flag Eigen 1=1, Flag Eigen 2=1

1st Case: Flag _Eigen 1=0, Flag Eigen 2=1
(Stop the dynamics associated with the first eigenvalue)
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2nd Case: Flag_Eigen 1=1, Flag Eigen_2=0
(stop the dynamics associated with the second eigenval ue)

Time |s| in Base Run |slin 1* case |slin 2" Case
0.0 241 241 241
0.1 2.33 2.33 241

Table. 6: Example 1, results of thefirst experiment, the impact of the eigenvalues
on the Dynamics of the length of the slope vector.
It is clear from these results that diminating the effect of the first eigenvalue (in this
time interval) does not cause a change in the rate of change of the length of the slope
vector. On the other hand, eiminating the effect of the second eigenvalue (in thistime
interval) does cause a significant change in the rate of change of the length of the
dope vector. In fact, the rate of change of the length of the slope vector becomes 0.
From this we can conclude that that the second eigenvalue dominates the mode

behavior in thistimeinterval.

Second Experiment:
The parameters governing the smulation are:

Start Time=20; Stop Time =20.1; Simulation Time Step = 0.005; Analysis Time Step
=0.1; Timefor Setting Flags= Start Time=20

The Gain Matrix is.

é& 015 -02u
G=a¢a d
g- 02 - 0.15;

Note that the gain matrix in the second experiment is the same as the gain matrix in
the first experiment. Thus we have the same values for the eigenvalues and the
egenvectors. Generally, in non-linear modds, the gain matrix will change with time,

yet thiswill have no effect on our method of analysis (as we mentioned before).

Eigenvaluel=0.05;  Eigenvalue2=-0.35
é u é u
r1=¢ ‘/EU r2= ‘S}QEO
é a’ é a
& /i & &/ 2t
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The Initial Vaues of therates (at time = 20) are:
Slope 1 =0.406; Slope 2 =-0.409
Hence, the Values of InitAlphal and InitAlpha2 are:

InitAlphal= -0.577; InitAlpha2=-0.00218

Once again, we carry out three simulation runs, each with a different setting of the
flags, and we report on the dynamics of the length of the slope vector for each run in
the following table.

Base Run: Flag Eigen 1=1, Flag Eigen 2=1

1st Case: Flag Eigen 1=0, Flag Eigen 2=1
(Stop the dynamics associated with the first eigenvalue)

2nd Case: Flag _Eigen 1=1, Flag Eigen_2=0
(stop the dynamics associated with the second eigenval ue)

Time |s| in Base Run |slin 1* case |slin 2" Case
20.0 0.577 0.577 0.577
20.1 0.579 0.577 0.579

Table. 7. Example 1, results of the second experiment, the impact of the
eigenvalues on the Dynamics of the length of the slope vector.

It is clear from these results that diminating the effect of the second eigenvalue (in
this time interval) does not cause a change in the rate of change of the length of the
dope vector. On the other hand, diminating the effect of the first eigenvalue (in this
time interval) does cause a significant change in the rate of change of the length of the
dope vector. In fact, the rate of change of the length of the dope vector becomes 0.
From this we can conclude that that the first eigenvalue dominates the mode

behavior in thistimeinterval.



3.3 Remarks on the method of ranking eigenvalues

3.3.1 The eigen-loop

We want to comment on an important observation that is revealed by the experiments
reported in the previous section. Note that the gain matrix, G, was constant over time
(as this is a linear moddl) and hence the eigenvalues and eigenvectors were aso
constants; yet eigenvalue2 was dominating at the analysis time step (0,0.1), while
eigenvaluel was dominating at the analysis time step (20,20.1). So, whét is the reason
behind this shift in dominance for the eigenvalues in this linear modd? From the
above experiments, one can see that the only attributes that changed from the analysis
time step (0,0.1) to the analysis time step (20,20.1) were the initial values of the as
(InitAlphal& InitAlpha2). Hence one can conclude that the changes in the values of
the initial values of the as, caused this shift in eigenvalue dominance. So, what do the
initial values of the as represent after all? In the eigen-coordinate system, the initial
values of the as represent the components of the dope vector (along each of the right-
elgenvectors) at the start time of the analysis period. So what make the values of as
evolve (change) with time? Recall that the dynamics of each a is governed by the first
order differential equation: a, =I .a,. In SD terminology, this differential equation

constitutes afirst order loop like the one shown in the figure below.

Alpha

Rate_Change_Alpha
~ >

EigenValue

Fig. 20: The Eigen-L oop

Thus, from the elgen-coordinate system perspective, a linear modd -- or a non-linear
one, whose gain matrix is constant over a short period of time (by numerical
approximations) -- can be visualized as a collection of “n” digoint smple feedback
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loops (such as the one in the figure above). Each loop has its unique dynamic

characteristic that is solely determined by its eigenvalue.

3.3.2 Complex eigenvalues

Finaly, in this section we turn our attention to the fact that an eigenvalue can be a
complex number; yet as we are going to explain below, the equation of the time

trajectory of the slope vector (or any of its components) will contain only real values.

In fig. 9, we portray an example of a modd (example 3) that has complex
eigenvalues. Recall that this modd has a sustained oscillation behavior.

From table 3, we can calculate the gain matrix.

From the gain matrix, we can compute the eilgenval ues.
[ ,=0+0.1i;1 ,=0-0.1i

Notice that | , is the complex conjugate of | ;. In genera if | ; is a complex number,
then| ., isits complex conjugate. Aswe are going to see below, the superposition of a
complex conjugate pair of eigenvalues in the time equation of the dope vector (or any
of its components) yields areal sinusoidal wave (with no complex values).

In our method to rank eigenvalues (according to their impact on the model behavior)
we will treat complex eigenvalues dightly different than real ones. Recall that the
method to determine the impact of an eigenvalue on the modd behavior is to
eliminate the dynamics associated with this eigenvalue. In the case where we have a
complex conjugate pair of eigenvalues, we will diminate the dynamics associated
with these two complex conjugate eigenvalues at the same time to determine their

compound effect on the behavior.?

% For future research, one may consider eliminating separately the dynamics associated with the real
part of the eigenvalues, and the dynamics associated with the imaginary part of the eigenvalues.

36



We will demonstrate that superposition of | ;and | ,in the time equation of Slope 1

(likethe one given in table 5) yidds areal snusoidal wave.

We will start by computing the right eigenvectors and the initial values of as
(InitAlphal and Init Alpha2) at time =0.

Theright eigenvectors are computed directly from the gain matrix, G.

r1:é }/\/5 E&rZ:g }/\/E E
ST AT

Notice that each element in r1 hasits complex conjugate counterpart in r2.

> (D>

InitAlphal and Init Alpha2 are computed from the initial values of rates and the right
eigenvectors (as we mentioned beforein table 5).

Attime=0
Slope 1=0.1& Slope 2=-0.1

Thus
Init Alphal = 0.1 (%/E”L%/E') & Init Alpha2= 0.1 (%E' %Eu)
The time equation of Slope_1 (in table 5) is as follows:
Slope 1 = (InitAlphal*r1(1)*EXP(l 1* TIME) + (InitAlpha2*r2(1)* EXP(l »* TIME)

Substituting the values of InitAlphal, InitAlpha2, ri(1), r2(1), Eigenvalueland
Eigenvalue? yidds:

S|ope_1=o.1*[(/l/ﬁ+/l/ﬁi)* %E*Exp(o.li* t) +(/VJ_2- }/\/-Zi)* %/E Exp(-0.1i* t)]

Slope 1= 0.1*[L/2{ EXP(0.1i * t)+Exp(-0.1i * t)}+(1/2)i{ EXP(0.1i* t)- Exp(-0.1i*1)}]

Slope_1 = 0.1* cos(0.1*t)- 0.1*sin(0.1*t)

Slope 1=0.1*V2* gn (0.1* t + 1359

Thus the time equation of Slope 1 isa sinusoidal wave, i.e. oscillatory behavior.
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Note that if the eigenvalues had areal part, i.e. | ,=a+ bi; | ,=a- bi, then thetime
equation of Slope_1 will take this general form:

Slope 1= C* EXP(@* TIME) * sin (0* TIME+y )

Where C isarea number.

4 The impact of the feedback loops on the eigenvalues

4.1 The structural foundation of the eigenvalues

In this section we will describe the reationship between the gains and the
eigenvalues. This section is mainly based on the works by Nathan Forrester
(Forrester, 1982 & 1983) and Christian Kampmann (Kampmann, 1996). Traditional
eigenvalue analysis is based on a compact model representation, called a “condensed
form” by N. Forrester and a “reduced form” by C. Kampmann, which focus only on
state variables and the associated net rates. Such a compact representation constitutes
a homomorphic mapping, i.e. an abstraction, of the original model structure and thus
congtitutes a loss of information. The problem is, therefore, that the results of the
analysis performed on a model in its compact form do no easily lend themsalves to an
interpretation with respect to the modd expressed in its original form.

In order to retain the mathematical rigor and convenience offered by the compact
form of representing a model and yet not loose the association with the original
model, we choose, in this paper, a mini model form (representation) suggested by
Scott Guthrie (Guthrie, 1999), as atool for teaching dynamic systems thinking. In this
mini-model  form, we retain the individua inflows and outflows and the
corresponding rates associated with each of the state variables in the original modd.
The result is a semi-compact (mini-) model which does not contain any of the
auxiliaries of the origina modd, yet can be recognized as a semi-compact
representation of the system portrayed by the original modd. The mini-model serves a
very important purpose: On the one hand, it is close enough to the compact model to
allow us to perform the mathematical and computational analysis facilitated by the
compact form. On the other hand, the mini- modd is close enough to the original
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model so as to allow us to interpret the loops of the mini- model in the context of the
system, represented by the original model. Thus we are able to interpret the
sgnificance of its feedback loops to the behavior of that modd. By building this
bridge between a relatively abstract, compact mode and the original model, the mini-
model constitutes an interpretable representation of the relationship between
structure and behavior, and thus serves an important pedagogical purpose.

To establish the reationship between the eigenvalues and the underlying feedback
loops that constitute the structure of the model, we first begin by defining the units of
analysis of structure as the gain of a link and the "characteristic gain" (hereafter called
the “gain”) of aloop. All the links in the mini-model form, relate rate variables to the
state variables of the moddl. The gain of a link, say from state A to rate B is
mathematically defined as:

gaB = ﬂ%A

By definition, the gain of aloop is the product of the gains of the links that constitutes
that loop. Note: in the process of computing the gain of aloop (in the mini-moddl), we
multiply the gains of links associated with outflow rates by —1.

The eigenvalues of a modd are determined from the loop gains of that model as
described by C. Kampmann (Kampmann, 1996):

“ The eigenvalues| are determined as the roots of the characteristic polynomial P(l ), and it
turns out that the coefficients of this polynomial can be expressed in terms of the gains of the
loops in the system.”

Moreover, in some system dynamics models one may be able to identify a subset of
the structure of the modd that exclusvely determine the values of certain
eigenvalues. We first begin by introducing some "graph theory' definitions that
characterize the structure of a modd in its mini-model form. Any pair of state
variables, say x and y, is said to be strongly connected, if there is a path of directed
links from x to y and a corresponding directed path from y to x *. A strongly
connected structure component -- in short, a strong structure component -- is a subset
of the structure of the modd in which any pair of state variables in this subset is

* Not necessarily a feedback loop
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strongly connected. If there is a model consisting of a set of digoint strong structure
components, where no pairs of state variables from two separate components are
strongly connected (yet they maybe unidirectional connected), then the strong
components of the modd independently determine corresponding subsets of the
eigenvalues. The implication is that individual eigenvalues in such cases are rooted in
distinct subcomponents of a model. A documentation of this fact can be found in
(Kampmann, 1996).

4.2 A measure for the significance of a gain of a unit structure on a

certain eigenvalue

4.2.1 The elasticity measure

We now want to develop a measure for the significance of a gain of a unit structure
(link or loop) on a certain eigenvalue. N. Forrester (Forrester, 1982 & 1983) suggests
the eigenvalue easticity as a measure for the significance of a gain of a unit structure,
whether link or loop, to a certain eigenvalue. The eigenvalue eadticity is a
dimensionless ratio defined as the relative change in an eigenvalue resulting from a
relative change of the gain. The eigenvalue dadticities are defined as the fractional
response in the eigenvalues to a fractional change in the gains and thus resemble the
price eadticities of goods used in economics. The larger the magnitude of an
eigenvalue dasticity associated with the gain of a certain unit of structure, the more
significant is that structural unit to that particular eigenvalue. Note that we have
already suggested a way to rank the eigenvalues with respect to their significance to
the model behavior. We can now weigh the significance of each structure unit to a
particular eigenvalue, with the significance of that eigenvalue to the model behavior.
In this way, we obtain a direct measure of the significance of a structure unit on the
mode behavior. This will be illustrated in the “yeast cells generation” model
described in section 5.

We have established that the eigenvalue dadticity is a key concept in identifying the
ggnificance of a structure unit on modd behavior, and we now provide a formal
definition of this concept.
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4.2.2 Compact link elasticity

We are going to calculate the eadticity, e, of an eigenvalue, |, with respect to the

gain, g, associated with a link in a compact mode!:

e=(dl /1)/(dg/g) =(dl /dg)* (g/l)=s* (g/l )
wheres (dl / d g) isthe sensitivity of the eigenvalue to the gain.

Fortunately, there is a mathematica formula that expresses this sendtivity as a
function of the corresponding elements in the associated eigenvectors. The interested

reader may consult appendix A.

4.2.3 Mini-model link elasticity

The next step is to relate the eéadticities of links in the mini-model form to the
eladticities of links in the compact form. To do so, we will first investigate the
relationship between the gains of links in the mini-modd form and the gains of links
in the compact form. After that, we will investigate the relationship between the
eigenvalue sengitivities of links in the mini-modd form and the sensitivities of links
in the compact form. For this purpose we will use the following smple example as an
illustration.

R1 B R2

R3

Fig. 21: Mini-modd form of the relationship between state variables A and B
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R_Net

A
Fig. 22: Compact form of the relationship between state variables A and B

As seen in the figure 21, in the mini-mode form, there are two state variables, A and
B, where B has two inflow rates R1, R2, and one outflow rate R3. Hence the net rate
of B, R_Net, equals R1+R2-R3. There are three links from state A to the three rates
respectively. We will denote the gains of those links g1, g2, g3 respectively.

On the other hand, in the compact form (fig. 22), thereis only a single link from state
A to the net rate (R_Net) of state B. We will denote the gain associated with this
snglelink g_net.

Suppose we introduce a small change in the value of state A, i.e. dA, then the values
respectively.
Now, the mathematical formulafor g_net is:
g_het = dR_Net/dA= (deA) * [ (RlnaN+ RznaN'RSnaN) - (Rloriginal+ Rzoriginal' R3original)]
g_net = (]-/dA) * [ (RlnaN' R:I-original)"'( RZnaN' R2original)'( RSnaN‘ R3original) ]
g_net = (dRL/dA)+( dR2/dA)-(dR3/dA)
gnet=gl+g2-g3

Having identified the reationship between the gains of links in the mini-model form
and the gains of links in the compact form, it remains to relate the eigenvalue
sengtivities in the mini-modd form to the eigenvalue senstivities in the compact

form.

Suppose we introduce a small changein thevalueof g1, i.e. dg. As
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gnet=9gl+g2-g3,
is a linear reationship, then a change in g1 with the magnitude of dg, leads to a
change in the value of g net with exactly the same magnitude dg, thus inevitably
causing a change in the eigenval ue with the magnitude of
S* dg,
where
s=(d /dg_net)

is the sengitivity of the eigenvalue to g net. As a change in gl with magnitude dg
causes a corresponding change in the eigenvalue of magnitude s*dg, then the
sensitivity of theeigenvaluetoglis

s* dg/ dg,
i.e sitsdf
Similary g2 will aso have its eigenvalue sensitivity equal to s.
As g3 is associated with an outflow rate, i.e. R3, its case will be dightly different:
Suppose we introduce a small changein thevalue of g3, i.e. dg. As

gnet=9gl+g2-g3,
then a change in g3 with a magnitude of dg, causes a corresponding change in the
value of g_net with the magnitude of -dg, thus leading inevitably to a change in the
elgenval ue with the magnitude of
-s*dg.
Hence the sengitivity of the eigenvalueto g3is-s.
Now, we are finally ready to relate the eigenvalue eadticities in the mini-modd form
to the eilgenvalue e agticities in the compact form.
enet=s*(gnet/l)=(d1)* (gl+g2-9g3)

enet=(s*gll)+(s*g2/l)+(-s*g3/l)
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ene=el+e2+e3

where e net is the éagticity of g _net, el is the dasticity of g1, €2 is the easticity of
g2, and e3 isthe eagticity of g3.

In general, the dadticity of a compact link equals the sum of dadticities of those links
in themini-model that constitute that compact link.

Having established the relationship between link dagticities in a compact and a mini-
mode form, we now turn to the e asticities of loops in the mini-modd.

4.2.4 Loop elasticity

The concept of loop elasticities originates from N. Forrester (Forrester, 1982, p. 225).
He identified a property of eigenvalue link eagticities that demonstrates the existence
of eigenvalues loop elasticities aswdll:

"Note that the sum of the eigenvalue elasticities of all links coming into a variable equals the
sum of the eigenvalue elasticities of all links leaving the variable... This property implies that
a certain numerical value for the eigenval ue elagticity passes from one link to another around
each feedback loop. The eadticity of any link is the sum of the elagticities of all the loops that
pass through the link. A link could lie in two different feedback |oops with opposite effects on
an eigenvalue. The eladticities of the two loops would cancel, leaving the link with a small
eladticity. Both loops might be considered unimportant, because they contained a link with a
small elagticity. The problem of cancellation can be overcome by solving a system of
simultaneous linear equations for the eigenvalue elasticity associated with each loop. To
make the calculation, first identify all feedback loops in the model and all the links they pass
through. Then set up and solve a set of simultaneous equations, where each equation sets the
eigenvalue eladticity of a structural link equal to the sum of eigenvalue elaticities of all the
loops that contain the link."

C. Kampmann (Kampmann, 1996) uses the metaphor of a“ current” to describe the
loop eadticity:

"In network theory, a set of values that fulfill the condition that the sum of ingoing and
outgoing values are equal is called a current in the network.”

In Appendix A, we investigate further the relationship between an eigenvalue and the
feedback loops to demonstrate the key role that the loop easticities play. The
interested reader may see section A.11, Appendix A.



In his paper, based on graph theory, (Kampmann, 1996), C. Kampmann addresses a
problem that arises from N. Forresters work: N. Forrester suggested the method of
solving simultaneous equations to identify the loop easticities of a modd. The
problem is that, in many models, the number of loops will be far larger than the
number of links, i.e. the number of unknowns (loop dadticities) is larger than the
number of equations (the system of equations is under-determined). Hence, in general,
there will not be a solution to those simultaneous equations. Moreover, even if a
solution exigts, the total number of feedback loops can reach astronomical numbers
even for medium sized models. Consequently, the computational task of identifying
that solution may be prohibitively large.

To solve this problem, C. Kampmann focuses on an independent set of loops that, in
large moddls, typically contains a significantly smaller number of loops than the total
number of feedback loops in the model. This set of independent loops is constructed
S0 that each of the loops constitutes a unique composition of links. Thisimplies that a
matrix of linearly independent columns can be used to represent the membership of
linksin the set of independent loops:

ékto 60 1 . Ou élLu
ua é 1 1
€2u=¢ 8; "Ux €2U
é.a & .0 é.d
u é U g u
g'knu el 0G éni

where k; isalink dadticity and |; is the loop eagticity and where a; = 1 if thelink i isa
component in loop j, O otherwise. The number of loops in this independent set of
loops is lower than the number of links. Hence the system of equations, as suggested
by N. Forrester, will always be over-determined, yet it will be consistent and thus will

have a solution. As Kampmann puts (Kampmann, 1996) it:

"the most significant contribution [of his paper] is the notion of an independent loop set,
which gives grounds for optimism about using the method to large-scale models, even though
these will contain millions of feedback loops'

Note that this set of independent loops is a pertinent description of the model as a
whole, which by no means disregard some important structural information in the
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modd; it only diminates the redundant structural information associated with the
superfluous dependent loops. The purpose of this selection of an independent set of
loops is to identify the loop easticities. Now, there may be several sets of independent
loops and, from a practical point of view, the choice is not arbitrary: As C.
Kampmann points out, our goal should be to identify an independent set of loops that
contains a large subset of relatively comprehensive (i.e. containing relatively many
links), insgnificant loops and a small subset of rdatively specific (i.e. containing
reatively few links), sgnificant loops. This is important since we can identify a
subset of specific loops that are responsible for the main dynamics of the modd, we
may legitimately smplify our understanding of the modd, and we may utilize this

small number of high leverage loops for management purposes.

4.3 Non-linear models

In a non-linear modd, the loop gains are dependent on the current state of the model
(i.e. the current values of the state variables). Thus the loop gains may change over
time. The implication is that the contribution of the loops to each of the eigenvalues
will change. This will modify the eigenvalues. Such a change in an eigenvalue will in
turn affect the behavior of the model. Therefore, the relationship between the model
structure and behavior, which is characterized by the intermediate eigenvalues link, is
a dynamic one that needs to be assessed iteratively over the simulation time period.

In non-linear models that have been analyzed over a sequence of eementary
(analyss) time intervals, we experience a continuous change in the characteristic
gains of the loops, and thus a continuous change in the contribution of the various
feedback loops to the individual eigenvalues. Consequently, there is a continuous
change in the values of the eigenvalues and hence a continuous change in the
contribution of each of these eigenvalues to the model behavior. By aggregating the
results from the sequence of analyses associated with the eementary (analysis) time
intervals, we can obtain a characterization of the contribution of each feedback loop to
the eigenvalues that govern (dominate) the mode behavior over a longer time
horizon. In summary, the method outlined allows us to investigate the transient
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behavior of complex, non-linear models in view of the underlying structure of these
models. To exemplify this, our next example will be a non-linear modd.

5 Closing Example: The yeast cells generation

5.1 Modedl introduction

We will conclude this paper with a model of yeast cdll growth >, portrayed in the form
of a stock-and-flow diagram in figure 23. Yeast cdls produce alcohd that, in high
concentrations is toxic to the cdls and thus reduces the birth rate and increases the
death rate of the cells so that the net growth rate of the cells eventually falls below O,
S0 as to cause a depletion of the cells. We will apply our method of analysis, which is
a formal rigorous mathematical analysis, to understand what are the various feedback
loopsin the modd that generate the observed cell’ s pattern of behavior.

CellDivisionTime EffAlcOnBirths CellLifeTime EffAlcOnDeaths

Alcohol
AlcoholGeneration AlcoholPerCellGeneration

Fig. 23: Theyeast cells generation example, stock and flow diagram of the model

Consdering the corresponding causal loop diagram, portrayed in figure 24, the model
consists of four feedback loops, L1 — L4. L1 is the cdls-births-cels loop. L2 is the
cdls-deaths-cells loop. L3 is the cdls-alcohal (through the Alcohol Generation rate) -
births-cdlsloop. L4 isthe cells-al cohol-deaths-cell s | oop.

® Thisisademo model that is not based on real data. Magne Myrtviet is the one who originally
suggested this model as an intriguing model to study.
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Moreover, in this example, the gains of the links are calculated (analytically) and
portrayed in figure 25. In the mini model form, the gains are G11 inflow (effect of
cels on hirths), G11 outflow (effect of cells on deaths), G12 inflow (effect of
alcohol on hirths), and G12_outflow (effect of alcohol on deaths), G21 (effect of cells
on alcohol generation), and G22 (effect of alcohol on alcohol generation) which are
both constant. The gain of L1 (thefirst loop), g (L1), isequal to G11 inflow. The gain
of L2, g(L2), is equal to (-1*G11 outflow). The gain of L3, g(L3), is equal to
(G12_inflow* G21). Thegain of L4, g(L4), isequal to (-1* G12_outflow* G21).

In the compact form, the gains are G11 (effect of cells on the net rate of the cells), and
G12 (effect of alcohol on the net rate of cels); in addition to G21 (effect Cells on
alcohal generation), and G22 (effect of alcohol on alcohol generation).

Note: in this case we can analyticaly calculate the gains, in most non-linear moddls

we must use finite-difference approximations to calculate the gains.

L1 Cells/Z\

Births

v\—/ \_/—/Deaths

L3 L4

Alcohol

L1: Cells-->Births-->Cells

L2: Cells-->Deaths-->Cells

L3: Cells-->Alcohol-->Births-->Cells
L4: Cells-->Alcohol-->Deaths-->Cells

Fig. 24: Theyeast cells generation example, - causal loop diagram of the model
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N\
’ CellLifeTime
L 1

G12_Inflow

G21 G22
r C L : :
LNV

AlcoholPerCellGeneration

Fig. 25: Theyeast cells generation example, stock and flow diagram of the
calculations of the gains of links (mini-model & compact for ms)

In addition, we calculate the BPI_1, based on the first and second derivatives of the
cell state variable, and the rate of change of the absolute value of the net rate (Slope)

of the cell state variable (seefigure 26).

Table 8 contains the equations of the model organized according to the various stock-

and-flow diagrams presented above.
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Double_Cells

Deaths

Rate_Change_Abs_Net_Rate_Cells

Fig. 26: The yeast cells generation example, - stock and flow diagram of the
calculations of the BPI_1 & therate of change of the absolute value of the net
rate of cells state

First Part, The Mode!:

init Cells=1
flow Cells=Births-Deaths

init Alcohol =0
flow Alcohol = AlcoholGeneration

Births = (CellgCellDivisionTime)* Eff AlcOnBirths
Deaths = (Cellg/CélILifeTime)* EffAlcOnDeaths
AlcoholGeneration = Cells* AlcoholPer CellGener ation

EffAlcOnBirths = (-0.1* Alcohol)+1.1
EffAlcOnDeaths = EXP(Alcohol-11)

CdlLifeTime=30
CdlIDivisonTime =15
AlcoholPer CellGeneration = 0.01

Second Part, the calculations of the gains of links (mini-model & compact forms):
Mini-model:

G11_Inflow = (EffAlcOnBirths/CellDivisionTime)
G11_Outflow = (EffAlcOnDeathg/CellLifeTime)
G12_Inflow = (-0.1* (Cellg/CéIDivisonTime) )
G12_Ouflow = ( (Celg/CellLifeTime) * EXP(Alcohol-11))
G21 = AlcoholPer CellGener ation

G22=0

Compact-model:
G11 = G11_Inflow-G11_Outflow
G12 = G12_Inflow-G12_Ouflow

G21 = AlcoholPer CellGener ation
G22=0
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Third Part, the calculations of the BPI_1 and the rate of change of the absolute value
of the net rate of cells sate:

Net_Rate Cells=Births-Deaths
Double Cells=DERIVN(Net_Rate Cells)

BPI_1= Double Cells/ Net_Rate Cells
Rate Change Abs Net_Rate Cells= DERIVN(ABS(Net_Rate Cells))

Simulation Setup Parameters:
Start Time=0; Stop Time =85; Simulation Time Step = 1

Table 8: The yeast cells generation example, - equations

The behavior, exhibited by the cells state, is portrayed in figure 27. At first glance,
this behavior can be characterized as “exponentiad” growth, an overshoot and a
collapse. In fact, as we shall see from our mathematical treatment, the behavior of this
relatively smple modd is quite complex. As we will see below, our mathematical
analysis reveals that a number of modes of behavior are hidden under this apparently
smple behavior. We will see that a divergent behavior yields to an oscillatory
behavior, which subsequently yields to a convergent behavior. The transitions from
one mode of behavior to the next are characterized by qualitative changes (or, as we
will explain later, bifurcations) in the eigenvalues that characterize the behavior. We

will investigate each of these modes of behavior in more detail.

404

301

20

Cells

104

Fig. 27: Theyeast cells generation example, cells state behavior
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5.2 First time phase: time interval 0-39

The first time phase (0-39) is characterized by a divergent mode of behavior. This is
indicated by the graph of cells state (fig. 28); and by the positive values for BPI_1 and
for the rate of change of the absolute value of the net rate of cdls (fig. 29). In this
time phase, there are two postive eigenvalues (fig. 30), which also indicates a
divergent behavior. Towards the end of this period, the eigenvalues approach each
other. Thereafter they bifurcate into a complex eigenvalue pair (as we will discuss in

the next phase), consisting of a complex number and its complex conjugate.

104

Cells

0 10 20 30
Time

Fig. 28: Cells state behavior in thefirst phase
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Fig. 29: BPI_1 and therate of change of the absolute value of the net rate of cells
statein thefirst time phase.
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Fig. 30: Eigenvaluesin thefirst time phase
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In order to identify the feedback loop(s) that is mainly responsible for the divergent
behavior in this time phase, we will pick an arbitrary analyss time step during this
phase and compute the gains and the eigenvalues at this time step. Then we will
identify the eigenvalug(s) that dominates the behavior (the one with the largest impact
on behavior) at this analyss time step. Then, for this dominant eigenvalue, we will
compute and rank the eagticities of all loops in the modd, so as to identify the
dominant loop(s). In this phase we will focus on the analysis time step 7.0-8.0

(arbitrarily chosen).

Gains, Eigenvalues, Elasticitiesin the Analysistime step 7.0-8.0
Mini-model gains:

G11 inflow = 0.073
G11_outflow» 0°
G12 inflow =-0.011
G12_outflow» 0

Compact_form gains:

G11=0.073
G12=-0.011

Compact gain matrix:

_ €073 - 0,011
€001 0 §

Note that always G21=0.01 & G22=0.
Eigenvalues
[ 1=0.071 & | , = 0.0015

Now, we will rank the eigenvalues according to their impact on the cdls state
behavior. As we did before (recall section 3.2), we will set the analysis time step
equal to the original smulation time step, i.e. 1, and then reduce the smulation time
step to 0.1. We start out with a base run whereby we allow for all of the eigenvalues
to smultaneoudy impact the behavior of the state of the cells. Subsequently, we
eliminate the dynamics caused by the each eigenvalue, one at atime. Recall that to do

® To the accuracy of 4 decimal points



this we must calculate the right eigenvectors (at time =7) from the G matrix, and also
the initial values of as (at time =7) from the right eigenvectors and the values of net
rates. Here we will only report the final results, i.e. the impact of stopping the
dynamics associated with each eigenvalue on the absol ute value of the net rate of state
of the cdls.

1% Case: stop the dynamics associated with the first eigenvalue (I 1= 0.071).

2" Case: stop the dynamics associated with the second eigenvalue (I » = 0.0015)

Time [net ratecells|in | |net ratecellgin | |net ratecellg|in
Base Run 1% case 2" Case

7.0 0.119 0.119 0.119

8 0.128 0.119 0.128

Table. 9: First phase experiment, the impact of stopping the dynamics associated
with each eigenvalue on the absolute value of the net rate of cells state.

From table 9, it is obvious that the first eigenvalue (I 1= 0.071) is dominant at that
time. The next step is to draw the “dadticity map” associated with this dominant
eigenvalue. The eadticity map is a causal-loop diagram of the modd that shows the
elagticities (e) of al loops in the modd. We will also show the gains (g) of the loops
in the mode.

L3 L4
Alcohol
g(L1) =0.073 e(L1l) =1.044
g(L2)=0 e(L2)=0
g(L3) =-0.0001 e(L3) =-0.022
g(Ld)=0 e(L4)=0

Fig. 31: The elasticity map of the dominant eigenvalue (I 1= 0.071) in the analysis
time step 7-8.
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From figure 31, it is obvious that first loop (L1), i.e. the cels-births-cells loop, has the
largest easticity; hence one can directly conclude that this is the dominant loop at that
time L1 istheloop that mainly contributes to the generation of the divergent behavior
observed in the first time phase.

5.3 Second time phase: time interval 39-78

This time phase (39-78) is characterized by an oscillatory behavior. This is indicated
by the graph of cells state (fig. 32) and by the fluctuating signs (+/-) for BPI_1 and for
the rate of change of the absolute value of the net rate of cedlls state (fig. 33). At this
time there are two complex conjugate pairs of eigenvalues (their real and negative
parts are plotted in fig. 34), - an additional indicator of oscillatory behavior (recall
section 3.3.2).

Fig. 32: Cells state behavior in the second phase
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Fig. 33: BPI_1 and therate of change of the absolute value of the net rate of cells
state in the second phase
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Fig. 34: Thereal and imaginary parts of the complex eigenvalues pair in the

second phase
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In the graph above, observe that the imaginary part of the complex eigenvalues pair is
equal to zero at the start and the end of the second phase. Also observe that the value
of thereal part of the complex eigenvalues pair at the beginning of the second phaseis
equal to the values of both real eigenvalues at the end of the first phase (recal fig.
30), and that the value of the real part of the complex eigenvalues pair at the end of
the second phase is equal to the values of both real eigenvalues at the beginning of the
third phase (as will be shown in fig. 39). In fact, the points of transitions between
different time phases are points of bifurcations in the eigenvalues.

In this time phase, we will repeat the same procedure that we followed in the previous
phase. Yet, in this case, we will study two analysis time steps (50-51 and 70-71),
rather than a single one as we did previoudy. The reason for this is that we observed
in our various experimentations with the model, that there is shift in loop dominance
occurring during this second time phase; thus, by identifying the different dominant

loops at these two time steps, we are able to track this shift in loop dominance.

Gains, Eigenvalues, Elasticitiesin the Analysis time step 50.0-51.0
Mini-model gains:
G11 inflow= 0.047
G11 outflow» 0

G12 inflow=-0.166
G12_outflow=0.0007 » O

Compact form gains:

G11=0.047
G12 =-0.166

Compact gain matrix:

_ €0.047 - 0.166U
= é ‘)
€001 0 §

| 1= 0.024+0.033i; | » = 0.024-0.033 i
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In this case, there is only one compound eigenvalue (complex conjugate pair of
eigenvalues). The figure below shows the “easticity map” associated with this
compound eigenvalue.

L1 Cells m

Births

\_/ \//Deaths
L3 L4
Alcohol
g(L1) = 0.047 e(L1)=0-0.7i ;i.e.|e(L1)] =0.7
e(L2)=0 e(L2) =0
e(L3) =-0.0017 e(L3)=0.5+0.35i ;i.e.|e(L3)] =0.61
e(L4) =0 e(L4)=0

Fig. 35: The elasticity map of the compound eigenvalue (the complex conjugate
pair) in the analysis time step 50-51.

From figure 35, it is obvious that loops L1 and L3 are the loops whose eadticities
(magnitudes) are the largest; hence both loops L1 and L3 are the dominant |oops at
that time.

Gains, Eigenvalues, Elasticitiesin the Analysistime step 70.0-71.0

Mini-model gains:
G11_inflow= 0.0006» 0
G11 outflow =0.03
G12_inflow=-0.266
G12_outflow=1.2
Compact form gains:

G11=-0.03
G12 = -1.466

Compact gain matrix:
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_ & 003 -1.4660
= é ‘)
€001 o0 §

[ 1= -0.015+0.12i;1 , =-0.015- 0.121i

Also, at that time there is only one compound eigenvalue (complex conjugate pair of
eigenvalues). The figure below shows the “easticity map” associated with this

compound el genval ue.

BlrthvS\-/ \_//D'eaths
L3 L4
Alcohol
g(L1) =0 e(L1) =0
g(L2) =-0.03 e(L2) =0+ 0.12i ;l.e. |e(L1)] =0.12
g(L3) = -0.0027 e(L3)=0.09-0.01i ;i.e.|e(L3)=0.091
g(L4) =-0.012 e(L4)=0.41-0.05i ;i.e.l|e(Ld4)]=0.41

Fig. 36: The elasticity map of the compound eigenvalue in the analysistime step
70-71

From figure 36, it is obvious that loop L4 is the dominant loop at the time step 70-71,
while loops L1 and L2 play a less significant role. Recall that, at the time step 50-51,
loops L1 and L3 were the dominant loops, hence there has been a gradual shift in loop
dominance from time 50 till time 70. This shift in loop dominance did not
qualitatively change the eigenvalues (they remain a complex pair of eigenvalues). Y et
what did change is the sign of the real part of the complex eigenvalues pair (recall that
the real part was equal to 0.024 at time 50, and it was equal to —0.015 at time 70). A
positive real part is an indication of a diverging (oscillatory) behavior, while a
negative one is an indication of a converging (oscillatory) behavior. This shift, from a
diverging oscillation at the start of the second time phase, to a converging one in the
end of the phase, is consistent with the fact that this oscillatory behavior takes over
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from a divergent behavior in the first phase, and then yields to a convergent behavior

in the last phase (as we will see below).

5.4 Third time phase: time interval 78-85

This time phase (78-85) is characterized by a convergent behavior, indicated by the
graph of state of the cedlls (fig. 37) and by the negative values for BPI_1 and for the
rate of change of the absolute value of the net rate of the state of the cells (fig. 38). In
this phase, there are two negative eigenvalues (fig. 39), - another indicator for

convergent behavior.

Calk

a0

Time

Fig. 37: Cells state behavior in the third phase
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Fig. 38: BPI_1 and therate of change of the absolute value of the net rate of cells

statein thethird phase
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Fig. 39: Eigenvaluesin the third phase.

In this phase, we chose (arbitrarily picked) time step 80-81 to study
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Gains, Eigenvalues, Elasticitiesin the Analysis time step 80.0-81.0

Mini-model gains:

G11 inflow =-0.017
G11 outflow = 0.413
G12 inflow =-0.028
G12 outflow = 1.736

Compact_form gains:

G11=-0.43
Gl2=-1.764

Compact gain matrix:

& 043 - 17640
= é ‘)
€001 o {

[ 1=-0.384 & | , =-0.046

As we did at the anaysis time step 7-8, we are going to rank the eigenvalues

according to their impact on the behavior. Here are the results.

1% Case: stop the dynamics associated with the first eigenvalue (I 1= -0.384).

2" Case: stop the dynamics associated with the second eigenvalue (I » = -0.046)

Time [net ratecells|in | |netratecells/in | |net ratecellgin
Base Run 1% case 2" Case

80.0 0.119 0.119 0.119

81.0 0.128 0.119 0.128

Table. 10: Third phase experiment, the impact of stopping the dynamics

associated with each eigenvalue on the absolute value of the net rate of cells state.

From table 10, it is obvious that the first eigenvalue (I 1= -0.384) is dominant in this

case. Below is“dadticity map” associated with this dominant eigenvalue.
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L1 Cellsm

Burtgs\_/ \_//D:aths
L3 L4
Alcohol
g(L1) =-0.017 e(L1) =0.05
g(L2) =-0.413 e(L2) =1.22
g(L3) =-0.0003 e(L3) =-0.002
g(L4) =-0.017 e(L4) =-0.133

Fig. 40: The elasticity map of the dominant eigenvalue (I 1=-0.384) in the analysis
time step 80-81.

From figure 40, it is obvious that second loop (L2), i.e. the cells-deaths-cells loop, is
the dominant loop at that time; L2 is the loop that is mainly generating the convergent
behavior observed in this phase.

6 Conclusion

Using the system dynamics method, we should be able to understand the nature of the
complexity governing the real world —i.e. how structure drives behavior and how the
resulting behavior causes shifts in dructural dominance in complex non-linear,
dynamics systems. This would then serve as a foundation for problem identification,
problem analysis, for problem solving in the form of policy design and strategy
development and, thus for the management of complex, dynamic systems. Yet, until
now, the explanatory power of system dynamics has not been sufficient. Most system
dynamicists (Ford, 1999; Richardson, 1984; Sterman, 2000, etc.) agree that a
rigorous, scientific method for identifying dominant feedback loops is required in
order to boost the explanatory power of system dynamics field. In this paper we
document such a method.



The method suggested consists of the following steps. First, we have provided a
characterization of model behavior in the form of the dope, the curvature, the
individual BPIs, and the overall BPI. We have also documented the significance of
the rate of change of the length of the dope vector and its components to the behavior
of a model. Moreover, we have demonstrated that the overall BPI and the BPI,s are
gualitative indicators that serve as proxies for the rate of change of the length of the
slope vector and its components, respectively. Second, we described the relationship
between the eigenvalues and the rate of change of the length of the dope vector and
its components. Third, we described the relationship between the gains of loops in the
model, i.e. the structure of the modd and the eigenvalues. Hence we demonstrated
that the eigenvalues serve as a link between the structure and the behavior in dynamic
models.

In a nutshell, our method of identifying dominant feedback loops is a two-stage
filtration process. In the first stage, we rank eigenvalues according to their impact on
the behavior. Then we select the dominant eigenvalue(s). In the second stage we rank
loops according to their significance to the dominant eigenvalue(s). Then we select
the dominant loops. As the dominant eigenvalues and the dominant loops may change
with time, we iterate this two-stage filtration process over the smulation period. The
main goal of this filtration process is to identify the “core structure” of the modd, -
where the core structure is defined as the smallest number of loops that is responsible
for generating the behavior of the model over time. The core structure is a presentable
digtillation of the structure of the mode (an archetype). Another important goal is
identifying the time phases in which different parts of the core structure are active (i.e.
dominating the behavior). By focusing on the active part of the core structure in a
certain time phase, we may legitimately smplify our understanding of the model. And
we may utilize the small number of high leverage loops, which are present in the
active part, for management purposes.

So what is the Next step? To continue research in this direction, it is essential to
develop a user-friendly software package that can automate this method of identifying
dominant feedback loops for any SD model. Steps have already been taken in this
direction. Most of the algorithms that are required to compute the gains, the
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eigenvalues and dadticities have been implemented. In future research, we may
investigate the rare case of a defective gain matrix (see Appendix A, Corollary A.3).
Also steps have been taken to design a friendly user-interface that presents the stepsin
and the results from this sophisticated mathematical method in a smple and intuitive
way. For more details, the reader can refer to (Myrtveit & Saleh 2000). The software
package to be developed shows promise as an important tool that may contribute
significantly to our understanding of large complex non-linear SD models. Moreover,
this package we enable us to further test our method on a variety of large, complex
models. Thus we can further validate our method and improve on it.
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Appendix A: Matrix eigensystem theorems

A.1 Definitions of eigenvalues, eigenvectors, and the characteristic
polynomial

A number | is an eigenvalue of a nxn real matrix A, if there is a nonzero n vector r
such that:

A*r=I*r

The corresponding vector 1 is caled the right-eigenvector of matrix A. It is called
“right-eigenvector” in the sense that it appears on the right-hand sde of matrix A in
the previous equation. Vector r has n dements, where at least one dement is a

nonzero € ement.

In the meanwhile, the |eft-elgenvector | is defined by the following equation:

Where]" isthe transpose of |

It is called “left-eigenvector” in the sense that it appears on the left-hand side of
matrix A in the previous equation. Vector | has n e ements, where at least one element

is anonzero e ement.

Note: It is clear (from the previous equations) that eigenvectors (right and left) are
defined only to within a scalar multiple. If v is an eigenvector, then so is av for any

nonzero scalar a.

The equation that defines the eigenvalue | (i.e. A *r =1 * r) can be written in the

following form:
[A-11]*r=0

Where| isnxn identity matrix.
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The previous equation has a nonzero solution (i.e. a vector r whose elements are not

al zero) if and only if Det[A- | 1] =0 (i.e the determinant equals zero).

Recall that if the Det[A- | 1] has a nonzero value, then [A-11]* (the inverse) does
exist, and the previous equation could be multiplied by it yieding:

[A-TITY* [A-11]*r=0

r=0
Which is a contradiction.

The equation: Det[A- | 1] isapolynomial of the n degreein thevariablel .

Det[A-11] =1"+c | ™+ .. +cul +c

It is called the characteristic polynomial of matrix A; where ¢ (i = 1...n) are the
coefficients of the characteristic polynomial.

The “n” roots of the characteristic polynomial are the eigenvalues of matrix A. The
roots of the characteristic polynomial can be either real numbers or complex ones; yet
if a complex number is a root for the characteristic polynomial, then its complex
conjugate must also be a root.

Each element in an eigenvector (right or left), which is associated with areal eigen-
value, isarea number.

Each dement in an eigenvector (right or left), which is associated with a complex
eigenvalue, is, in general, a complex number that has its complex conjugate
counterpart element in the eigenvector that is associated with the complex conjugate
eigenvalue.
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In the following theorems, we will use the term “distinct eigenvalues’. Digtinct
eigenvalues implies digtinct (non-repeated) roots to the characteristic polynomial.
Equal eigenvalues coming from multiple roots are called “degenerate” .

Theorem A.2: For any real square matrix A, the right-eigenvectors associated with

the digtinct eigenvalues are linearly independent.

Pr oof

Say that we have q distinct eigenvalues. Now, we will assume that the g right-
eigenvectors (associated with the q distinct eigenvalues) are linearly dependent; and
then we will falsify this hypothesis.

In mathematical term our hypothesis (that we want to falsify), can be stated as:

Where p isthe “smallest” number of linearly dependent right-eigenvectors
The value of p satisfies the following inequality:

1<p£q
riistheright-eigenvector associated with the eigenvaluel ;

And a; isanonzero scalar value.

Multiplying equation (1) by A yidds:

o p

ai:]_ai*A*Li :é.ip:]_ai *I i*Li :0(2)

Multiplying equation (1) by | , yields:

Q p

aizlai*l p*Li =0 .3

In equations (2) and (3) the summand a,*| ,* rpisidentical, then subtracting equation
(2) from (3) yidds:
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ai:'lai*(l o 1) =0

Since the eigenvalues are distinct, then none of the coefficients in the previous
equation is equal to zero, thus we have (p-1) linearly dependent right-eigenvectors.
This contradicts our hypothesis that p is the “smallest” number of linearly dependent
right-eigenvectors. Therefore, we can directly conclude that the q right-eigenvectors

are linearly independent.

Corollary A.3: For any real square matrix A (nxn) with n digtinct eigenvalues

{I'1...1 n}; its n right-eigenvectors span the whole n-dimensional space. That is every

real vector x in the n-dimensional space has a unique representation as.
O n
— *
X= a i= a'i [i

Wherer;isthe right-eigenvector associated with the eigenvalue | ;

And a; isa scalar value (can be zero).

O n
In matrix form equation X = @ i * I can bewritten as:

x=R*a (1)

WhereR=1[r, r, . r,]; ristheright-eigenvector associated with the eigenvalue
[

a isan vector.

Thefirst tepistoillustrate that R * (the inverse of R) always exist.

Theinverse R exigtsiif, and only if, rank(R)=n.

The rank of a matrix equals the maximum number of linearly independent column
vectorsin this matrix.
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In the previous theorem, we demonstrated that the right-eigenvectors of the distinct
eigenvalues are linearly independent. As we have n distinct eigenvalues, we can
conclude that rank(R)=n and that R"* always exist.

Now equation (1) can be written as:

Since, there can be only unique inverse for a matrix, then for every real vector x there

isacorresponding uniquea vector.

Note that the term “complete right-eigenvectors’ is used to describe the fact that the
right-elgenvectors span the whole n-dimensional space. Incomplete right-eigenvectors
can only occur where there are degenerate eigenvalues. But even in the case of
degenerate eigenvalues, the right-eigenvectors will usually (but not always) be
complete. In the rare case of incomplete right-eigenvectors, matrix A is caled a
“defective matrix’.

Theorem A.4: For any real sguare matrix A (nxn) with n distinct eigenvalues
{1 1...1 n}; its two sets of right-eigenvectors and |eft-e genvectors form a bi-orthogonal
system. That is, the left-eigenvector of one eigenvalue is orthogonal to the right-
eigenvector of the other, while the left and right eigenvectors of the same eigenvalue

are not orthogonal to each other.

Note: The two vectors x and y (each having n dements) are called orthogonal if the

angle (q) between them is90 °. Theformula of theangleq is:

Cosq=——"-—
[x|* 1yl

It is clear that the two vectors x and y are orthogonal, only if their inner product (i.e.
X .y) is equal to zero. Another way to express the inner product is x"*y. Thus,

mathematically the above theorem can be stated as:

"> 1=0ifi
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[T 1t 0ifi=]

forj=1..n&i=1..n

Pr oof
First, we are going to prove that:
LT+ =0ifi t j

Starting from the definition of the eigenvalue;

A*xri=li*r
We are going to use the fact that the transpose of a product (of several matrices and
vectors) equals the product of the transposed factors, taken in reverse order.
Thus, transposing both sides of the above equation yields:

i TRAT=L T
Post-Multiplying both sides by |; yields:

AT =l

Now, we will return back to the definition of the |eft eigenvector:

Trangposing both sides of the equation yields:

Tx . —.% ]
A ll_ll 1]

Pre-multiplying both sides by r;" yidds:
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LA™ =l 5+ 1 .(2)
Subtracting (1) from (2) yields:
0=(I1)* 5 *1

Since the eigenvalues are distinct, then:

The second step isto prove that:

[T 1t 0ifi=]

This proof is smpler than the previous one. In this proof, we are going to assume that
l; isorthogonal to r;, then we will falsify this hypothess.

If |; was orthogonal to r;, then it would be orthogonal tors, I rn Sincers, I r,are
linearly independent, then this would make |; orthogonal to the whole n-space; which
is something impossible, as the only n vector that is orthogonal to the whole n-space

is the null-vector.

Corollary A.5: For any red square matrix A (nxn) with n distinct eigenvalues

{I 1...I 1} the transpose of the matrix of |eft-eigenvectorsis the inverse of the matrix of

right-eigenvectors; i.e. L'=R™*

Where
L=, 1, . 1]

l; isthe | eft-eigenvector associated with the eigenvaluel ;

R:[El r, . [n]

I; istheright-eigenvector associated with the eigenvaluel ;
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Comment: One can consider the matrix of left-eigenvectors as a “mirror image’ of the
matrix of right-elgenvectors.

We will denote the matrix [L ™*R] by X. From the bi-orthogonal relationship between
left-eigenvectors and right-eigenvectors (the above theorem), one can directly infer
that X will bein the form:

&, 0 0 040
€0 x, 0 0p

X =€ J
éo 0O . 0du
é u

a0 0 0 x,0

As we stated before (section A.l), it is a genera property that eigenvectors are
defined only to within a scalar multiple. If v is an eigenvector, then so is av for any
nonzero scalar a. As x;; equals |+ r;, then we can normalize x; to equal unity. This

normalization process will not affect the other eementsin matrix X.

The common normalization for the eigenvectors is to make the length of r; equals
unity, by multiplying r; with an appropriate scalar value. Then to make the inner
product of r; and l; (i.e Ii"= r;) equals unity, by multiplying ;i with an appropriate
scalar value.

After normalizing al the diagonal e ementsin matrix X to unity, matrix X will b

equal to:
d 0 0 Ou
é G
x:éo 10 Oa:|
€0 0 1 ou
S0 0 0 1
AsL™ R=X=1
Thus, L'=R?

Corollary A.6: Any real square matrix A (nxn) with n distinct eigenvalues
{I 1...I n} can be put in the following diagonal form:
L =L™A*R
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d, 0 0 0y
é ¥
20 1, 0 oY
Where L =€ § u
&0 0 . 00
§0 0 0 I.¢

Consgider the matrix [A*R]. It isanxn matrix.
Thei™ column of this matrix is A*r;

That is, thei™ column of this matrix is| i*r;

Now, consider thismatrix [R*L]. Itisanxn matrix.

Thei™ column of this matrix is! i*r;

Thus we conclude that:
A*R=R*L

By arranging this eguation we get:
L=R*'* A* R

Substituting L for R™* we get:
L =L™A*R

Theorem A.7: For any real square matrix A (nxn) having a digtinct eigenvalue | |
(regardless of whether or not the rest of eigenvalues are distinct) the senstivity
matrix, S, associated with this eigenvalue is equal to the product of the left-
eigenvector (associated with this eigenvalue), and the transpose of the right-

elgenvector (associated with this eigenvalue).

Thatis S=1I; * LiT
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énl 1, U
é /IA@QY) - TA@Ln)
é a
Where: S, =€ ' S ' U
e . .. . u
an m, ¥
g /TA(nY) - - TA(MN)H

Pr oof

The matrix equation: S=|; * r;" impliesthat for any eement Si(x,y):

S(xy) = L(X)* ri(y)
To simplify the proof, we will assume that A is a 2x2 matrix (generalizing to any nxn
matrix after that, is not a problem), and we will be focusing on single eement in the
sendtivity matrix, say Si(1,1) (generalizing to any dement in the matrix after that, is

straightforward).

Then, our goal will beto proof that:
S(1.1) = L(D)* ri().

From corollary A.6, we know that:
L =L™A*R

By expanding this matrix equation to an ordinary algebraic equation for only one

eigenvalue (i.e. one diagona eement in matrix L) , we get:

= LW LD*ALD+ §((D)* n2* A (1L2)+ 1(2* n()* A (2.1)+i(2)* n(2)* A (2.2)

By differentiating the above equation with respect to A(1,1) we get:

78



ﬂ/lﬂ(m) AT O ﬂ(ii) LOTARD 1?&13)*1“1)*’*(“)*
Ay @7 ACD TS 7 AGD D 7 ARY ¢
&i_(](}l))*l_i(Z)*A(Z,l) 1?,1«((1,21))*—'(2)*A(2 2)+ 1?;'(121))*!i(2)*A(2,2)
Our aim isto proof that:
AL
Thus, our focuswill be to proof that:
1;2((3) LT ALY 1;”((1))*'(1)* Ly + ﬂﬂ((l)) L@*ALD) +
%*li(l)*A(LZ)+%*;i(1)*A(2,1)+1?L5'T%*L(2)*A(2,1)+
ARG CE IR L NC RN

Recall that the |eft-eigenvector (that is associated with eigenvaluel ) is.

L=[k (D), 1 (2]

And that right-eigenvector (that is associated with eigenvaluel ;) is:

=[ri (2), 1 (2)]

From Corollary A.5, we know that the inner product of the |eft and right eigenvectors
isaways equal to unity:

(LW} +{L@rn@}=1

Now, to compute the sensitivity of | jto A(1,1), we are going to introduce a small
perturbation tothevalue of A(1,1):
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A(L,D)lhev= A(L,1) + DA (1,1)
The new left-eigenvector will be:
i new =[li (1) + Dk (1), li (2)+D; (2)]
The new right-eigenvector will be:
L lnew = [£i (1)+Dri (1), ri (2)+Dr; (2)]
Also theinner product of the new left and right eigenvectorsis equal to unity:
{ {li (@)+Dhi (1)} * {ri (D)+Dr; (1)} }+{ {Li (A+Dhi (2} * {ri (A+Dri ()} }=1

Hence theinner product of the new left and right eigenvectorsis equal to the inner
product of the original left and right eigenvectors:

{l ()+Dk (D} * {ri (D+Dri ()} 3+ { {li A)+0h (2} * {5 (2+Dr;i (2} } =
{1 @M} L@@}

By Smplifying this equation we get:

0={Dh (1)* ri (D}+{ D (D* L (D} +{ DL (1)* Dri (D} +{ D (2)* 1i (2} +
{ Dri (2)* i (9} +{ Dl (2)* Dri (2)}

By dividing both sides by DA(1,1) , and by taking the limit as DA(1,1) > O we get:

TAQY T IALD T IALD T TAQY

Multiplying both sides by | ; yields:
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D ) e 1D oy e O gy, @)

1, *1(2)=0
ALY ALY ALY ALY

Substituting
{Ii* n() } by { (1) *A(LD+ri(2)*A(1,2) }
{1i* @} by{ () *ARD+L(2*A(22) }
{1 =L@} by: { [ (AL (9*AD) }
{1i "2} by: { | (D)*A1L2)+i (9*A2,2) }

And then arranging the equation we get:
_ @,

fir, @ L@

ﬂA(:Ll) _|()*A(1,1)+ﬂA( )*| (]_)* (:L]_) ﬂA( ) _|(2)*A(1,2)+
—ﬂt' (2) * * ﬂll 2 * * ﬂL(l) * *

ALY L@ A(L2)+ﬂA(L1 r.( A(2’1)+—ﬂA(1,1) 1.(2)* A21) +
1@, * A T o\ o5 a0

iy 1@ ARD ST AR

Corollary A.8: For any red square matrix A (nxn) having a ditinct eigenvalue | ;

(regardless of whether or not therest of eigenvalues are distinct):
=4 asixy)*Axy)

x=1y=1

From corollary A.6, we know that:
L =L™A*R

By, focusing only on one eigenvalue (i.e. one diagona eement in matrix L ), we get:
™ A* =1,

 S(XY)= LX) * ri(y)
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\ AT 8 S KY)TAKY)

x=1 y=1

n n
o]

\ 1 =8 aSxy)*Axy)

x=1 y=1

Corollary A.9: For any red square matrix A (nxn) having a ditinct eigenvalue | ;
(regardless of whether or not the rest of eigenvalues are distinct):

E (x,y)

1

=

I
Qo
T Qo5

x
1
=

Where Ei(x,y) isthel ; elagticity to element A(X,y).
Ei(x,y) isdefined as

Si(X,y)* A(X,Y)

£ (xy) = 20N
J & g & S (Xy)*A(X, 1,8 ¢ I
\ QAE My =8 4 2EVTAN L8 8 syt Aly) =t =1
x=1y=1 x=1y=1 I i | i x=ly=1 I i

Theorem A.10: For any rea square matrix A (nxn) having a distinct eigenvalue | |
(regardless of whether or not the rest of eigenvalues are distinct):

E.(a,y)=a E,(y.q) (q=1..n)

=1 y =1

Qo

<

This theorem is a mathematical description of the system dynamics phenomenon: “the
sum of the eigenvalue dadticities of al links coming into a variable equals the sum of
the eigenvalue dadticities of al links leaving the variable’. This phenomenon was
originally observed by N. Forrester.

Pr oof
Starting from the definition of the | eft-eigenvector:
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T T
i *A=li* |

Pre-multiplying both sides by r; yields:

LA = el

Recalling that the transpose of a product equals the product of the transposed factors,
taken in reverse order; then transposing both sides of the equation yields:

AT x =1 % * '

Substituting li*r;" by S vields:

AT*S=1;*S ...(1)

Now, from the definition of the right-eigenvector:

Getting the transpose of both sidesyields:

Lt A=

Pre-multiplying both sidesby | ; yields:

L it * AT=1ixi*r’

Substituting li*r;" by S yields:

S*AT=1,*S ..(2

From equations (1) and (2) we can conclude that:
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AT*S=S*A

\ én Si(q,y)*A(q,y)=§1n Si(y.q)*A(y.q) (o=1...n)

y=1 y=1

Dividing both sidesby | ; yidds

E.(a.y)=a E;(y.q) (@=1..n)

=1 Yy =1

Qo

<

A.11 Developing a mathematical function that relates the eigenvalue

to the gains of feedback loops.

Theidea is to develop a function that has the eigenvalue as the dependent parameter,
and the gains of loops as the independent parameters. Such a function can aid in
illustrating the key role that the loop easticities play in determining the significance

of aloop to an eigenvalue.

We are going to develop this function step by step with the help of the yeast cdls
generation example (section 5). We will start by recapping the gain information of
the modd.

In the mini model form, the link gains are G11_inflow (effect of cells on births),
G11 outflow (effect of cells on deaths), G12_inflow (effect of alcohol on births), and
G12 outflow (effect of alcohol on deaths); in addition to G21 (effect of cells on
alcohol generation). Recall that G22 (effect of alcohol on acohol generation) is
always zero, thus we can eadsly ignore it. The mini-mode link easticities associated
with those gains are E11 inflow, E11 outflow, E12 inflow, E12 outflow, and E21
respectively. We are going to use the shortcut notations e;, e, €3, &, and e for
E11 inflow, E11 outflow, E12 inflow, E12 outflow, and E21 respectively; and the



shortcut notations g, 92, g3, 4, and gs, for G11_inflow, G11_outflow, G12_inflow,
G12_outflow, and G21 respectively.

This modd has four loops (mini model form): L1 — L4. L1 is the cdls-births-cdls
loop. L2 is the cels-deaths-cels loop. L3 is the cdlsalcohol (through the
AlcoholGeneration rate) — births-cells loop. L4 is the cells-alcohol-deaths-cells |oop.
Thegainof L1, g (L1), isequal to g;. Thegain of L2, g(L2), isequal to (-1* g;). The
gain of L3, g(L3), isequal to (gs* gs). Thegain of L4, g(L4), isequal to (-1* g+* gs).

Now, we will start developing our desired function; our point of departure is the fact
that sum of all compact link eadticities equals unity (recall Corollary A.9). As the
elagticity of a compact link equals the sum of dasticities of mini-mode links that
congtitute that compact link, then one can directly infer that the sum of al mini-model

link easticities must also equal unity.

Thus;

Multiplying both sides by the eigenvalue| ; yields:

5
I =a ﬂl%g O, (Recal the definition of elasticity)
x=1 X

The above equation is a homogenous linear partial differential equation of the first

order.

Itssolution is:

o
— e — e e e e
I =cO 9," =c0r 97 9595 95

x=1

Where c is a constant.
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This solution is only valid in the infinitesmal circular neighborhood of the operating
point, as the elasticities are treated as constants in the solution.

Now, recall that the easticity of a link eguals to the sum of elasticities of all the loops
that contain the link. Then from the causal-loop diagram of the modd (fig. 24), one
can easily conclude that:

e=¢elLl)

e=¢L2)

&= e(L3)

e=g(L4)

e=¢eL3) + eL4)

Subgtituting the link easticities by the loop dasticitiesyields:

| :Cge(l—l) eL2) ~e&(L3) ye(Ld) ~{elL3)+eLa)}
[ "JI1 *I2 *I3 *IJ4 *I5

By arranging this equation we get:

| =cgf? 952 .(d; 96)*.(0,.95) %

i =C G 6" (05 967 04 G5) ™

" C
C= (_ 1)e(L2)+e(L4)

Recall that g (L1) isequal to gi, g(L2) isequal to (-1* g,), g(L3) is equal to (gs* gs),
and g(L4) isequal to (-1* g4* gs); then:

)
| :C*O g(LX)e(LX)
x=1
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Where g(Lx) isthe gain of loop x; and e(Lx) isthe easticity of loop x.

From the above formula, one can directly infer that the only parameter that determines
the significance of aloop to an eigenvalue, isthe easticity associated with that 1oop.

Note: the above formula can be generalized to any mode; i.e it represents a
“universal relationship” between any eigenvalue and the feedback loopsin a model.
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